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Chapter 1

Introduction

Hybrid Automata are proposed in [Hen00] as a formalism for the modeling and the
analysis of hybrid systems, i.e. systems mixing continuous and discrete dynamics. Hybrid
Systems are ubiquitous in many safety-critical fields. Hence, the safety problem - i.e.
checking if a system respects a number of desirable safety constraints - is recognized as a
key problem in the area of hybrid automata. This problem can be formally reduced to the
reachability problem, i.e. determining the set of reachable states of a hybrid automaton.

The reachability problem has been proved decidable only for few families of hybrid
automata, where either the discrete or the continuous dynamics is required to be ut-
terly simple [HKPV98], while for most interesting classes of hybrid automata the latter
problem is undecidable [HKPV98].

One technique to deal with reachability on undecidable hybrid automata is to obtain
a finite abstraction which simulates the original system [TK02, RS05]: The underlying
simulation relation tells us that if a state is not reachable in the abstracted system, then
its property to be unreachable is preserved on the original system [TK02, RS05].

Another approach is to develop techniques for generating invariants of hybrid au-
tomata. An invariant is a property ψ, which holds on all of the reachable states of an
automaton. A special type of invariants are inductive invariants or inductive assertions.
An inductive assertion is an invariant, which holds initially and which is preserved by all
continuous and discrete transitions of the automaton. In [SSM04] and [San05] a method
for generating a special class of inductive assertions, so-called algebraic assertions, is

proposed. An algebraic assertion for a location l has the form
k∧

i=1

pi(x) = 0, where

the pi are polynomials over the system variables x. The key idea of the technique in
[SSM04, San05] is to derive for a given template assertion, i.e. a parametric polynomial
with unknown coefficients and bounded degree, constraints for the coefficients so that
the resulting polynomials are ensured to be inductive invariants. This method will be
described in detail in Chapter 3.

The method proposed in [SSM04, San05] has one main drawback: In the proposed
algorithm, the user has to fix a bound on the degrees of the polynomials for the target
polynomials in advance. This is a problem, since it is not obvious to see which degrees
are useful: too small degrees may only yield the trivial invariant true, templates of too
high degree require a considerable longer computation time and will possibly lead either
to no more invariants as templates of smaller degrees or, even worse, will lead to an
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infeasible system of constraints and thus, to no assertion map at all. In this thesis, we
therefore present an incremental algorithm for generating invariants, i.e. the effort done
to check for polynomials of degree n will be partly reused when doing computations for
higher degrees. We will also discuss further possible improvements of this algorithm.
In particular, we propose a strengthening of the initial conditions (i.e. the inductive
hypothesis) used for the generation of the constraint systems in [SSM04, San05] and a
way to extract more information of the results by the invariant generating algorithm.



Chapter 2

Preliminaries

In this chapter we give some basic definitions and fix the notation used in the rest of the
thesis.

2.1 Hybrid Automata

Hybrid automata are a formal tool introduced in [ACHH93] for the modeling and the
analysis of hybrid systems, i.e. systems having mixed continuous/discrete dynamics.

Definition 2.1 (Hybrid Automaton)
A hybrid automaton H = 〈V, L, T, θ,D, I, l0〉 consists of the following elements:

• V is the set of real-valued system variables,

• L is a finite set of locations,

• T is a finite set of discrete transitions. Every transition τ = (l, l′, φτ ) ∈ T

consists of the prelocation l, a postlocation l′ and an assertion φτ on the
variables V ∪ V ′ of the pre and postlocation.

• θ is an assertion which describes the initial condition.

• D is a differential rule, which maps each location l to an assertion D(l) over
V ∪ {ẋ | x ∈ V }, which describe the change of the real-valued variables over
time.

• I is a map, which maps each location l to a location invariant I(l) over V .

• l0 is the initial location.
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Example 2.1
Figure 2.1 shows an example of a hybrid automaton (see [Hen00]). Here, a heating
system with the two different discrete states off and on is modeled. When the
heating is off, the temperature falls via the differential rule ẋ = −0.1x. When the
heating is on, the temperature rises via the differential rule ẋ = 5 − 0.1x. The
state off can only be left, when the temperature falls below 20 degrees, it must be
left, when the temperature would fall below 18 degrees. The state on has similar
constraints.

off on

x > 18 x < 24

ẋ = −0.1x ẋ = 5− 0.1x

x < 20 x′ = x

x > 22 x′ = x

Figure 2.1: heating system [Hen00]

The formal definition of the automaton in Figure 2.1 has the form: H = 〈V, L, T, θ,D, I, l0〉

• V = {x}

• L = {off, on}

• T = {(off, on, x < 20 ∧ x′ = x), (on, off, x > 22 ∧ x′ = x)}

• θ = {x = 20}

• D(off) = {ẋ = −0.1x} and D(on) = {ẋ = 5− 0.1x}

• I(off) = {x > 18} and I(on) = {x < 24}

• l0 = off

2.2 Algebraic Hybrid Automata

In this thesis, we will only deal with special kinds of hybrid automata, the so-called
algebraic hybrid automata, see also [SSM04, San05]. In these automata, only algebraic

invariants and transition conditions are allowed, i.e. formulas of the form
k∧

i=1

pi(x) = 0,

where the pi are polynomials in R[x]1 and also ẋi, x′i are polynomials in R[x] . More
formal:

1R[x] is the polynomial ring of the system variables x = (x1, ..., xn) over R, see also Definition 2.4
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Definition 2.2 (Algebraic Assertion)

An algebraic assertion has the form
k∧

i=1

pi(x) = 0, where pi ∈ R[x]. An alternative

description for the algebraic assertion is {p1, ..., pk}.

Definition 2.3 (Algebraic Hybrid Automaton)
An algebraic hybrid automaton is a hybrid automaton H = 〈V, L, T, θ,D, I, l0〉,
where:

• For each discrete transition τ = (l, l′, φτ ) the relation φτ is an algebraic as-
sertion.

• The initial condition θ is an algebraic assertion.

• The location invariants I(l) are algebraic assertions and the differential rules
D(l) have the form ẋi = p(x1, ..., xn), where p is a polynomial over the vari-
ables in V .

Let us reconsider the heating example of Figure 2.1. Such a hybrid automaton does not
represent an algebraic hybrid automaton, since e.g. the location invariant x > 18 for
the location off is no algebraic assertion. However, the differential rule and the images
of the system variable x of the discrete transitions are algebraic assertions. In this
case, ignoring the non-algebraic assertions (here the inequalities) makes the automaton
an algebraic one. In this sense, we will still talk about an algebraic automaton, when
such inequalities occur, as long as the transition conditions and the initial conditions are
algebraic. The non-algebraic conditions will be ignored in this case.

2.3 Basics of Computer Algebra
As we can see from the definition of algebraic hybrid automata (Definition 2.3), the
assertions of an algebraic hybrid automaton in automaton variables x1, ..., xn have the
form p(x1, ..., xn) = 0, where p is a polynomial. Our aim is to use computer algebra to
analyze the automaton, in particular to verify some specifications. Therefore, we will
first list some basics of computer algebra. More detailed information can be found in
textbooks like [PG02].

Definition 2.4 (Polynomial Ring over R)
The polynomial ring over R is defined by

R[x] := R[x1, ..., xn] = {∑
α∈A

cα · xα1
1 · ... · xαn

n | A ⊂ Nn finite}

Then:

• xα := xα1
1 · ... · xαn

n is called a monomial in x1, ..., xn with exponent vector
α ∈ Nn.



6 2. Preliminaries

• |α| := α1 + ... + αn is the degree of the monomial xα.

• Mon(x) := {xα|α ∈ N}.

Let now f =
∑
α∈A

cα · xα1
1 · ... · xαn

n be a polynomial in R[x].Then,

• cαxα is called a term of f and cα the coefficient of xα.

• deg(f) := max{|α| | α ∈ A} is the degree of f .

Definition 2.5 (Ideal)
Let R[x] be the polynomial ring over R and I ⊆ R[x]. Then I is called an ideal iff

• 0 ∈ I.

• ∀a, b ∈ I : a + b ∈ I.

• ∀r ∈ R[x], a ∈ I : r · a ∈ I.

Notation: I ER[x]

〈p1, ..., pk〉 = 〈
k∑

i=1

qi · pi | qi ∈ R[x]〉 is the ideal generated by p1, ..., pk, i.e. 〈p1, ..., pk〉
is the smallest ideal containing {p1, ..., pk}

Theorem 2.1 (Hilbert’s Basis Theorem)
All ideals I ER[x] are finitely generated, i.e. for all ideals I there exist generators
p1, ..., pk in R[x] s.t. I = 〈p1, ..., pk〉.

From the definition of algebraic hybrid automata, we can see that every reachable state
of a location l satisfies the location conditions I(l) = {pi(x) = 0, i = 1, .., k}. In other
words, every reachable state of l lies in the zero-set of the pi, i = 1, ..k, which is formally
denoted as V (p1, ..., pk) := {x ∈ Rn : p1(x) = ... = pk(x) = 0}. The latter set can also
be described as V (I) := {x ∈ Rn | ∀p ∈ I : p(x) = 0} for the ideal I = 〈p1, ..., pk〉, since
all elements of an ideal vanish at a point x ∈ R iff all the generators vanish at this point.

Assume now we are given a set of states (l, x) encoded by the polynomials q1, ..., qj

and we want to check, if these x satisfy the location conditions I(l). With the observation
above this problem boils down to checking, whether the polynomials q1, ..., qj lie in the
ideal I(l) (Ideal Membership Problem). This type of problems is solved with Gröbner
Basis Techniques, which are introduced below.

Definition 2.6 (Monomial ordering)
A monomial ordering on R[x] is a relation > on Mon(x) which satisfies

• > is a total ordering on Mon(x).

• > is multiplicative , i.e. xα > xβ implies xα · xγ > xβ · xγ.
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• > is a well-ordering, i.e. ∀α ∈ N : xα > 1.

Let > be a monomial ordering and f =
∑
α∈A

cα·xα ∈ R[x] and let xα0 = max{xα|α ∈ A}.
Then leading monomial, leading term and leading coefficient of f are defined by

• lt(f) := cα0x
α0 is the leading term of f .

• lm(f) := xα0 is the leading monomial of f .

• lc(f) := cα0 is the leading coefficient of f .

Moreover, if lt(f) = 1 then the polynomial f is called monic.
Finally, > is an elimination ordering on Mon(x1, ..., xn, y1, ..., yn) w.r.t. x iff
lm(f) ∈ R[y] ⇒ f ∈ R[y]

Remark 2.1
The following are the most important examples for monomial orderings:

• Lexicographic order (w.r.t. x1 > x2 > ... > xn)
xα >lp xβ :⇔ ∃s α1 = β1, ..., αs−1 = βs−1, αs > βs

• Graded lexicographic order
xα >Dp xβ :⇔
|α| > |β| or (|α| = |β| and ∃s such that α1 = β1, ..., αs−1 = βs−1, αs > βs)

• Graded reverse lexicographic order
xα >dp xβ :⇔
|α| > |β| or (|α| = |β| and ∃s such that αn = βn, ..., αs+1 = βs+1, αs > βs)

The lexicographic order is moreover an elimination ordering.

The aim is to define a normal form of a polynomial q w.r.t. to a given Ideal. Ideally
this normal form should be zero iff q ∈ I. So we first of all need to define a reduction
relation. A canonical way is to define it via multivariate division with remainder. A bit
more formal:

Definition 2.7 (Normal form & Reduction Relation)
Let q =

∑
cα · xα be a polynomial and I = {p1, ..., pk} ⊂ R[x]. q can be reduced by

a polynomial p ∈ I iff lm(p) divides a term c · t of f . The reduction f
p→ f ′ has the

form: f ′ = f − c·t
lt(p)

p. When no reduction with polynomials in P can be done, f has
a normal form. NFP (f)) denotes a normal form of f , i.e. f is fully reduced by P .
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Remark 2.2
The normal form of a polynomial w.r.t. to a given ideal I is not uniquely deter-
mined. Example:
Let I = 〈x2 + x, x2 − x〉. Then:

• x3 x2+x→ −x2 x2+x→ −x is in normal form.

• x3 x2+x→ −x2 x2−x→ +x is in normal form.

Changing now the generators yields: I = 〈x2 + x, x2 − x〉 = 〈2x〉 = 〈x〉, so the
normal form of x3 w.r.t. I = 〈x〉 would obviously be zero.
Taking special generators of the ideal, the so-called Gröbner basis one can assure
that the normal form will be unique.

Definition 2.8 (Leading Ideal)
Let I ER[x]. Then:
The leading ideal of I wrt to a given ordering > is defined by
L(I) := L>(I) := {lt(p) | p ∈ I}
i.e. L(I) is the ideal generated by the leading terms of I.

Definition 2.9 (Gröbner Basis)
A finite subset G = {p1, ..., pk} of I ER[x] is called a Gröbner basis for I w.r.t. >

iff
L(I) = 〈lt(p1), ..., lt(pk)〉
Equivalently: for each f ∈ I\{0} there is an element p ∈ G s.t. lt(p) | lt(f)

A Gröbner basis G is reduced iff

• 0 /∈ G.

• for f, g ∈ G, f 6= g: lm(f) 6 | lm(g).

• all elements in G are monic.

• for all f ∈ G the tail f − lt(f) of f is reduced wrt G.

Theorem 2.2
Let I ER[x]. Then:

• There exists a reduced Gröbner Basis G of I.

• G is uniquely determined.

• 〈G〉 = I.
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• The normal form w.r.t. G is uniquely defined.

• f ∈ I ⇔ NFG(f) = 0.

• Let f and g be polynomials. Then:
NFG(f + g) = NFG(NFG(f) + NFG(g)) = NFG(f) + NFG(g).

Proof
see e.g. [PG02]

Remark 2.3
Gröbner bases depend on the chosen ordering. The ordering also influences the
speed of computations, since computing Gröbner bases w.r.t. some orderings is
faster than w.r.t. to other orderings. One way to compute the Gröbner basis of an
ideal is Buchberger’s algorithm, reported below.

Algorithm 1 Buchberger’s Algorithm
Require: I = 〈p1, ..., pk〉ER[x],
a monomial ordering >

Ensure: G being a Gröbner basis of I wrt >

G := 〈p1, ..., pk〉
P := {(pi, pj) | 1 ≤ i < j ≤ k}
while P 6= ∅ do
Choose (f, g) ∈ P

P := P\(f, g)

xα := lm(f); xβ := lm(g);

xγ := lcm(xα, xγ) where lcm is short form of least common multiple
spoly(f, g) := lc(g) · xγ−α · f − lc(f) · xγ−β · g
h := NFG(spoly(f, g))

if h 6= 0 then
P := P ∪ {(h, g) | g ∈ G}
G := G ∪ {h}

OUTPUT: G
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Chapter 3

Polynomial Invariant Generation on
Algebraic Hybrid Automata

An invariant for a hybrid automaton is an assertion ϕ(x), which is valid on each reachable
state v of the system. Formally:

Definition 3.1 (Invariant)
An invariant of a hybrid automaton H = 〈V, L, T, Θ, D, I, l0〉 at a location l is an
assertion ϕ(x), x ∈ X such that for all v ∈ Rn : (l, v) ∈ ReachSet(H) ⇒ v |= ϕ

In this Chapter we review the technique recently proposed in [SSM04, San05] for generat-
ing polynomial invariants for algebraic hybrid automata. The key idea of the technique in
[SSM04, San05] is to derive for a given template assertion, i.e. a parametric polynomial
with unknown coefficients and bounded degree, constraints for the coefficients so that the
resulting polynomials are ensured to be inductive invariants, i.e. invariants, which hold
initially and are preserved by all continuous and discrete transitions of the automaton.

3.1 Computing Invariants via Ideal Membership

Inductive invariants are a special form of invariants. Using the notations in [SSM04,
San05] inductive invariants can be defined on the base of the notion of inductive assertion
maps :

Definition 3.2 (Inductive Assertion Map)
An inductive assertion map η for a hybrid automaton H is a function that maps
each location l ∈ L to an invariant assertion η(l) and satisfies the following condi-
tions:

• Initiation:

Let l0 be the initial state with initial condition Θ. Then: Θ |= η(l0).

In other words: η(l0) has to hold initially.
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• Discrete Transition:

Let τ : (li, lj, ρ) be a discrete transition. Then: η(li) ∧ ρ |= η(lj)
′

where η(lj)
′ represents the assertion η(lj) with the current state variables x

replaced by x′

In other words: if η(li) holds in li then after the discrete transition τ the
assertion η(lj) has to hold.

• Continuous Transition:

Let l be a location of H. Then:

1. If (l, x2) evolves from (l, x1) via the given differential rule at l, then:
x1 |= η(l) ⇒ x2 |= η(l)

2. If η is an assertion of the form η(l)(x) = 0, then:
I(l)(x) = 0 ∧ η(l)(x) = 0 |= η̇(l)(x) = 0

In other words: if η holds in a state (l, x) then it has to hold on the whole
continuous path evolving on x via the given continuous transition.

Remark 3.1
Obviously every inductive assertion is an invariant. However, not all invariant
assertions are inductive. As an example consider the hybrid automaton modeling a
bouncing ball, shown in Figure 3.1, where:

• y represents the distance from the floor.

• v represents the velocity.

• δ represents the time elapsed since the last bound.

y ≥ 0

ẏ = v
v̇ = −10
δ̇ = 1

y = 0
δ > 0
δ′ = 0
y′ = y
v′ = −v

2 l

τ

Figure 3.1: Bouncing Ball (see [SSM04, San05])

Assume the automaton has the initial conditions θ = {y = δ = 0, v = 16}. With
the given initial conditions the assertion φ(l) = v ≤ 16 is obviously an invariant,
but it does not fulfill discrete transition, so it is not inductive.
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Definition 3.3 (Template Assertion)
Let A = {a1, ..., ak} be a set of template variables. Then, a template assertion
over the polynomial ring R[x] is a polynomial of the form

∑
cα

cα · xα where the cα

are R-linear combinations of the template variables A.

Given a hybrid automaton H = 〈V, L, T, Θ, D, I, l0〉, let η be a map associating to each lo-
cation l ∈ L of H a template assertion (over the template variables A(l) = {al,1, ..., al,n}).
Then, in [SSM04, San05] it is shown how the problem of instantiating the template vari-
ables of η to get an inductive assertion map is encoded into an ideal membership problem.
More precisely, each condition of initiation, discrete transition and continuous transition
in Definition 3.2 is mapped to an ideal membership problem, whose solutions allow to
obtain a set of constraints for the template variables in η. To give an example, the initi-
ation condition θ |= η(l0) is mapped to the ideal membership problem η(l0) ∈ 〈θ〉 and is
solved via Gröbner basis techniques. In particular, standard reduction techniques need
to be extended to the notion of template assertions, as illustrated below.

Definition 3.4 (Template Normal Form NF)
Let f =

∑
cα · xα be a template and P = {p1, ..., pk} ⊂ R[x]. f can be reduced by a

polynomial p ∈ P iff lm(p) divides a term c · t of f . The reduction f
p→ f ′ has the

form: f ′ = f − c·t
lt(p)

p. If no reduction with polynomials in P can be done, f has a
normal form. NFP (f) denotes the normal form of f , i.e. f is fully reduced by P .

Remark 3.2
The normal form of a template f wrt P is not unique. Uniqueness can be achieved,
if a reduced Gröbner basis G(P ) of P is computed. In particular: f ∈ 〈P 〉 ⇔
NFG(P )f = 0. Thus, the ideal membership problem reduces to compute the normal
form wrt the Gröbner basis of the given ideal.

3.2 The Algorithm in [SSM04, San05]
Given the above definitions, in this Section we illustrate in detail the algorithm in [SSM04,
San05]. Such a procedure makes use of three main steps to derive an algebraic inductive
assertion map η for a hybrid automaton H.

1. In the first step, a template assertion of fixed degree is associated to each location
l in H.

2. In the second step, a set of constraints on the template variables is derived,which
ensures to instantiate η to an inductive assertion map. Deriving the system of
constraints boils down to formulate initialization, discrete and continuous transition
in Definition 3.2 as ideal membership problems, so that they can be solved with
the theory of computer algebra.

3. In the third step, the system of constraint equations from step two is solved.

More precisely, the three steps sketched above are illustrated in the further three subsec-
tions.
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3.2.1 Step 1: Fixing the Templates

For each location l ∈ L in the hybrid automaton H, a degree dl is chosen and the
corresponding set of template variables Al = {cl,α | |α| ≤ dl} is derived. For maximum
of generality, each location should have its own template variables. Given l ∈ L, the
template associated to l will then have the form η(l) =

∑
|α|≤dl

cl,α · xα

3.2.2 Step 2: Deriving Constraints for Template Variables via
Ideal Membership

The following rules are used to map each condition in Definition 3.2 to an ideal member-
ship problem, whose solutions lead to a system of constraints over the template variables.

Initiation:
Recall from the definition: Θ |= η(l0) = 0
This is encoded by η(l) ∈< Θ > being equivalent to NFΘ(η(l)) = 0

Discrete transition:
Let τ : (li, lj, ρ) be a discrete transition.
Recall from the definition: η(li) ∧ ρ |= η(lj)

′

An exact encoding of this condition would mean to compute the Gröbner basis of an
ideal generated by η(l1) = 0 ∧ ρ. The problem here is, that η(l1) is a template, so that
the construction of a Gröbner basis would be too difficult, see therefore [SSM04, San05].
Hence the authors in [SSM04, San05] propose various ways to encode stronger conditions
which can be handled more easily. The latter conditions are enumerated in the Table
3.1, in particular:

Name Condition Encoding
LC ρ |= η(l2)

′ = 0 NFρ(η(l2)
′) = 0

CS ρ |= η(l1) = η(l2)
′ NFρ(η(l1)− η(l2)

′) = 0

CV ∃λ ∈ R : ρ |= η(l2)
′ = λ · η(l1) NFρ(λ · η(l1)− η(l2)

′) = 0

PS ∃q ∈ R[x] : ρ |= η(l2)
′ = q · η(l1) NFρ(q · η(l1)− η(l2)

′) = 0

Table 3.1: Transition conditions for discrete transition

• The Local Transition condition (LC) states that the invariant has to hold on the
postlocation without using any assumption of the prelocation and the postlocation,
i.e. ignoring the fact that the transition has to be feasible that is it has to start in
a feasible location (l1, x) and land in a feasible state (l2, x

′). Note, that the local
transition condition makes no use of η(l1). In figure 3.2 there is shown an example,
where discrete transition reduces to a local transition.

In figure 3.2 the condition η(l0) = 0 and η(l1) = x is an assertion fulfilling LC,
since after the discrete transition always x = y = 0 holds.
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x′ = y′ = 0l0 l1

true xy = 0

Figure 3.2: Example for LC

• The Constant Value condition (CV) states that the value η(l1)(x) of the prelocation
is the same as the value η(l2)(x

′) of the postlocation. Together with the fact that
η(l1)(x) = 0 because η(l1) is an assertion you then get that after the transition
η(l2)(x

′) = 0 holds.

Id(x, y)l0 l1
xy = 0 xy = 0

Figure 3.3: Example for CV

In figure 3.3 the condition η is an assertion fulfilling CV for the discrete transition.

• The Constant Scale condition (CS) states that the transition may change the value
η(l1)(x) of the prelocation by a constant factor λ ∈ R, i.e. λ · η(l1)(x) = η(l2)(x

′).
Again, together with the fact η(l1)(x) = 0 this yields η(l2)(x) = 0

Id(x, y)l0 l1
xy = 0 2xy = 0

Figure 3.4: Example for CS

In figure 3.4 the condition η together with λ = 2 is an assertion fulfilling CS for
the discrete transition.

• The Polynomial Scale condition (PS) states that the transition may change the
value of the assertion by a polynomial factor p.

Figure 3.5 shows an Example, where η together with p = x + 1 is an assertion
fulfilling PS for the discrete transition.

Continuous transition:
Recall from the definition: I(l)(x) = 0 ∧ η(l)(x) = 0 |= η̇(l)(x) = 0
Similar to the case of discrete transition an exact encoding of the condition is imprac-
ticable (see [SSM04, San05]). Hence the authors of [SSM04, San05] introduce stronger
conditions for continuous transition, which are more easily to handle.

• The constant value case states that the invariant η(l) remains constant during
the continuous path. This means, that the first derivative wrt time gained by
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Id(x, y)l0 l1
xy = 0 (x + 1)xy = 0

Figure 3.5: Example for PS

Name Condition Encoding
CV I(l) |= η̇(l) = 0 NFI(l)(η̇(l)) = 0

CS ∃λ ∈ R : I(l) |= λ · η(l)− η̇(l) = 0 NFI(l)(λ · η(l)− η̇(l)) = 0

PS ∃q ∈ R[x] : I(l) |= p · η(l)− η̇(l) = 0 NFI(l)(p · η(l)− η̇(l)) = 0

Table 3.2: Conditions for continuous transition

the product rule of multivariate analysis η̇(l) :=
∑

i
∂η(l)
∂xi

· ẋi has to be the zero-
polynomial. Together with the fact, that η(l)(x) = 0 holds at the beginning of the
continuous transition, it holds for the whole path.

• The constant scale condition (CS) states that the first derivative of η(l) has to be
a multiple of η(l). Together with the fact, that η(l) = 0 holds at the beginning of
the continuous transition, it then holds during the transition.

• The polynomial scale condition (PS) states that the first derivative of η(l) has to
be η(l) multiplied with a polynomial factor. Like in the CS case, together with
the starting condition η(l)(x) = 0, this condition holds for the whole path evolving
from x.

On the ground of Theorem 3.1, the above mapping of each invariant to an ideal
membership problem, i.e. the third columns in Tables 3.1 and 3.2, induce a system of
constraints over the template variables.

Theorem 3.1
Let p =

∑
cα

cα · xα ∈ R[x]. Then: ∀x ∈ Rn : p(x) = 0 ⇔ ∀α : cα = 0

By Theorem 3.1 it is possible to extract the following equations from the conditions
NF.(.) = 0: Let 0 = NF.(.) =

∑
α aα · xα. Then ∀α : aα = 0. The above system of

equations depends only on the template variables, unknown constants (for the CS case)
and unknown polynomials (for the PS case). The complexity of the generated equations
depends on the kind of transition conditions adopted, as illustrated in Table 3.3.

3.2.3 Step 3: Solving the Constraints

Solving the system of linear / nonlinear equations obtained in step 2 will either lead to
no solutions (when the system is infeasible) or to a solution depending on 0 or more
parameters λi, which are undetermined and can be freely chosen in R.



3.3. An Application Example 17

Condition Restriction Constraint types
Initiation - linear equalities
Transition Local (LC) linear equalities

Constant Value (CV) linear equalities
Constant Scale (CS) eigenvalue problems
Polynomial Scale (PS) non-linear algebraic

Table 3.3: Complexity of the equations for different transition types

Example 3.1
The equation x = y has the solution space {(λ, λ)|λ ∈ R}

In this case, in order to get rid of the parameters, [SSM04, San05] proposes to set these
free parameters equal to 1. This specialization still is a solution, since the λi can be
freely chosen and the resulting solution is parameter free.

In Chapter 4.4, we will discuss how these free parameters can be used in order to
extract more information from the assertion map.

3.3 An Application Example

We conclude this chapter by applying the invariant generation algorithm in [SSM04,
San05] to a concrete example. Consider again the hybrid automaton in Figure 3.1 which
represents a bouncing ball. Assume further the initial condition θ = {y = δ = 0, v = 16}.

Step 1: Fixing the Templates
Let us take templates of degree 2, i.e.

η = a + ayy + avv + aδδ + ayyy
2 + ayvyv + ayδyδ + avvv

2 + avδvδ + aδδδ
2

Step 2: Deriving Constraints for Template Variables via Ideal Membership

• Initiation:
NFθ(η) = a + 16av + 256avv

• Discrete Transition: LC
NF〈y〉(η′) = a + av

2
v + avv

4
v2

• Continuous Transition: CV

NFI(l)(η̇) = ayv + ayyyv + ayδvδ − 16av − 16avvv − 16ayvy − 16avδδ

+aδ + aδδδ + ayδy + avδv

= (−16av + aδ) + (ayδ − 16ayv)y + (ay − 16avv + avδ)v

+(aδδ − 16avδ)δ + ayyyv + ayδvδ
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Step 3: Solving the Constraints
Initiation, discrete and continuous transition lead to the following linear constraints in
the template variables:

0 = a + 16av + 256avv

= a =
av

2
=

avv

4
= −16av + aδ = ayδ − 16ayv = ay − 16avv + avδ = ayy = ayδ

Solving this system yields the solution space for η:
∀λ ∈ R : λ · (−y + 5δ2 + vδ) = 0

Hence the assertion map η = −y + 5δ2 + vδ is an inductive assertion map



Chapter 4

Incremental Polynomial Invariant
Generation on Algebraic Hybrid
Automata

The main drawback of the method proposed in [SSM04, San05] for the generation of
inductive polynomial invariants is, in our view, the need of fixing in advance a bound for
the target polynomials. In particular, the user does not know which dimensions of the
templates will lead to useful invariants. Templates of too small degree will only lead to
the trivial invariant true. On the other hand, templates of too high degree won’t yield
more invariants than templates of smaller degrees. Another problem is that in case where
there are no solutions (when the system of equations is infeasible), any search is a waste
of time. While the problem of manipulating polynomials of fixed degrees is inherent in
the technique in [SSM04, San05], we can at least endow the invariant generation process
of an incrementality feature, in the sense that the effort done to check for polynomials
of degree n is partly reused when it is necessary/desirable to deal with higher degrees.

In this chapter, we exactly go in the direction of improving the method in [SSM04,
San05] by making it incremental. On the way, we will discuss further improvements for
the invariants generation of [SSM04, San05]. In particular, in Section 4.1, we propose
a strengthening of the initial conditions (i.e. the inductive hypothesis) used for the
generation of the constraint systems in [SSM04], [San05].

4.1 Strengthening of the Initial Conditions
In Definition 3.2 of inductive invariants, it is important to note that the conditions for
initiation, continuous transition and discrete transition only have to hold on reachable
states. The invariant generation algorithm proposed in [SSM04, San05] makes only very
limited use of this fact. Although the reachability problem itself is undecidable, one can
at least state some conditions, which surely have to hold on every reachable state and
which can strengthen the hypothesis underlying each inductive rule used for generating
invariants in [SSM04, San05]. As an example, consider a discrete transition τ = (l1, l2, ρ)
and the corresponding discrete transition rule η(l1)∧ρ |= η(l2) of Definition 3.2. Since we
are interested only in reachable states, we can explicitly state that the transition starts
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in a state fulfilling the invariant condition I(l1) for l1 and ends in a state fulfilling the
invariant condition I(l2) for l2. More precisely we can strengthen each inductive rule in
Definition 3.2 as described below.

4.1.1 Initiation Rule
When one initiates the hybrid automaton with starting values in the initial location l0,
then obviously the location invariant I(l0) also has to be satisfied. This leads to the new
initiation rule IN*: θ∧ I(l0) |= η which, encoded as an ideal membership problem yields:
NFθ∪I(l0)(η(l0)) = 0. Using the new initiation rule IN* is especially important, if not all
of the hybrid automaton variables are initiated with special values. In the other case
the location conditions should be trivially true, otherwise IN* would already lead to a
contradiction.

Lemma 4.1
Let η be an inductive assertion map satisfying IN. Then it satisfies IN*. The
converse is not true.

Proof
Let η satisfy IN.
⇒ NFθ(η(l0)) = 0

⇒ NFθ∪I(l0)(η(l0)) = 0

⇒ η satisfies IN*
Counterexample for the backwards direction:
Consider the automaton shown in Figure 4.1 with initiation conditions θ = ∅:

x = 0

l0

Figure 4.1: Counterexample for Initiation Conditions

η(l0) = x is obviously an inductive assertion map which fulfills IN*.
However, η(l0) = x does not fulfill IN. q.e.d.

In other words, the initiation condition IN* allows one in principle to obtain a subset of
(more precise) overapproximations of reachable sets from the superset of invariants that
satisfy IN.

Example 4.1
Let us consider the hybrid automaton in Figure 4.2 with initial condition θ = {y =

1} and term ordering length-lex with x > y. Let η(l0) = a + axx + ayy
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xy = 1

l0

Figure 4.2: Different Initiation Conditions

• Initiation condition IN: 〈θ〉 = 〈y − 1〉
⇒ NFθ(η(l0)) = a + ay + axx

⇒ The corresponding assertion map is ∀λ ∈ R : η(l0) = λ · (y − 1).
⇒ By Theorem 4.12 the invariant y = 1 is found.
⇒ Every reachable state has to satisfy y = 1.

• Initiation condition IN*: 〈θ ∪ I(l0)〉 = 〈x− 1, y − 1〉
⇒ NFθ(η(l0)) = a + ay + ax

⇒ The corresponding assertion map is ∀λ, δ ∈ R : η(l0) = λ·(y−1)+δ·(x−1).
⇒ By Theorem 4.12, the invariants y = 1 and x = 1 are found.
⇒ Every reachable state has to satisfy y = 1 and x = 1.

⇒ The overapproximation of reachable states corresponding to the condition IN* is
more precise than the one corresponding to IN.

4.1.2 Discrete Transition
As anticipated in the preamble to this section, a discrete transition τ = (l1, l2, ρ) can only
be triggered, if the conditions I(l1) of the prelocation beforehand and I(l2) of the postlo-
cation afterwards are satisfied. Assume I(l1) = (p1(x) = 0 ∧ ... ∧ pk1(x) = 0) and denote
the invariant conditions for the postlocation l2 by I(l2)

′ = (q1(x) = 0 ∧ ... ∧ qk2(x) = 0).
Then, we obtain the following new discrete transition rules:

• Local Transition (LC*): I(l1) = 0 ∧ I ′(l2) ∧ τ |= η(l2)
′ = 0.

Encoded as an ideal membership problem: NFρ∪I(L1)∪I′(l2)(η(l2)
′) = 0.

• Constant Value (CV*): I(l1) = 0 ∧ I ′(l2) ∧ τ |= η(l2)
′ = η(l1).

Encoded as an ideal membership problem: NFρ∪I(L1)∪I′(l2)(η(l2)
′ − η(l1)) = 0.

• Constant Scale (CS*): ∃λ ∈ R : I(l1) = 0 ∧ I ′(l2) ∧ τ |= η(l2)
′ = λ · η(l1).

Encoded as an ideal membership problem: ∃λ ∈ R : NFρ∪I(L1)∪I′(l2)(η(l2)
′ − λ ·

η(l1)) = 0.

• Polynomial Scale (PS*): ∃p ∈ R[x] : I(l1) = 0 ∧ I ′(l2) ∧ τ |= η(l2)
′ = p · η(l1).

Encoded as an ideal membership problem: ∃p ∈ R[x] : NFρ∪I(l1)∪I′(l2)(η(l2)
′ − p ·

η(l1)) = 0.



22 4. Incremental Invariant Generation

Lemma 4.2
Let τ = (l1, l2, ρ) be a discrete transition. Then:
The conditions LC, CS, CV and PS imply LC*, CS*, CV* and PS*. The converse
is not true.

Proof
Let the transition conditions be LC and LC* and let η satisfy LC.
⇒ NFρ(η(l2)

′) = 0

⇒ NFI(l1)∪ρ∪I′(l2)(η(l2)
′) = 0

⇒ LC implies LC*.
The other cases are analogous.
Counterexample for the backwards direction (for all transition types):
Consider the automaton in Figure 4.3 with initiation conditions θ = ∅:

Id(x)

x = 0

l0 l1

Figure 4.3: Counterexample for Discrete Transition

An inductive assertion map satisfying each of LC*, CV*, CS* and PS* is:
η(l0) = 0 ∧ η(l1) = x

However, this inductive assertion map does not fulfill either of LC, CV , CS or PS.
q.e.d.

4.1.3 Continuous Transition
As in the discrete case a continuous transition can be triggered only, if certain circum-
stances are satisfied. Assume you have a continuous path from (l, x1) to (l, x2). Then,
on the whole path the location conditions I(l) have to be satisfied, i.e. the value of the
polynomials in I(l) is constantly zero and the Lie-Derivative has also to be zero. In other
words:

Lemma 4.3
Let l be a location with location conditions I(l) = {p1(x) = 0, ...pk(x) = 0}. Let
(l, x0) be reachable. Then, Continuous transition from (l, x0) is possible, and thus
İ(l) := {ṗ1(x) = 0, ..., ṗ1(x) = 0} is satisfied (necessary condition).

Proof
Let (l, x0) be a point, where continuous transition is possible, i.e. there exists a
continuous path satisfying I(l)
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⇒ p1(x) = 0, ..., pk(x) = 0 for all x on this path
⇒ all the pi are constant on the path and thus on the whole path the Lie-derivative
of the polynomials is equal to zero. Hence, this holds especially in the starting point
of the path.
⇒ İ(l) := {ṗ1(x) = 0, ..., ṗ1(x) = 0} is also satisfied in (l, x). q.e.d.

By Lemma 4.3, we obtain the following new continuous transition rules:

• Constant Value (CV*): I(l) ∧ İ(l) |= η̇(l) = 0.

Encoded as an ideal membership problem: NFI(l)∪İ(l)(η̇(l)) = 0.

• Constant Scale (CS*): ∃λ ∈ R : I(l) ∧ İ(l) |= η̇(l)− λ · η(l) = 0.

Encoded as an ideal membership problem: ∃λ ∈ R : NFI(l)∪İ(l)(η̇(l)− λ · η(l)) = 0.

• Polynomial Scale (PS*): ∃p ∈ R[x] : I(l) ∧ İ(l) |= η̇(l)− p · η(l) = 0.

Encoded as an ideal membership problem: ∃p ∈ R[x] : NFI(l)∪İ(l)(η̇(l)−p·η(l)) = 0.

Lemma 4.4
Let l be a location and η be an inductive assertion map. Then,the conditions CV,
CS and PS imply CV*, CS* and PS*. The converse is not true.

Proof
Let η satisfy CV for continuous transition
⇒ NFI(l)(η̇(l)) = 0

⇒ NFI(l)∪İ(l)(η̇(l)) = 0

⇒ η satisfies CV* for continuous transition
The other cases follow analogously.
A counterexample for the backward direction (for all transition types) is the fol-
lowing:
Consider the following automaton in Figure 4.4 with initial condition θ = {x =

1, y = 0}

x− y = 1
ẋ = y
ẏ = x

l0

Figure 4.4: Counterexample for Continuous Transition

Then: η(l0) = x− 1 is an inductive assertion map satisfying each of CV*, CS* and
PS*, since 〈x− y − 1, ˙(x− y − 1)〉 = 〈x− y − 1, y − x〉 = 〈1〉 = R

However, η(l0) = x− 1 does not fulfill any of CV , CS or PS. q.e.d.
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4.2 Incremental Reduction of the Number of Tem-
plates Variables

When deriving new invariants for a location l, we are only interested in invariants having
normal forms regarding to the already existing invariants, i.e. the given invariants I(l)
and all already computed assertions, because adding polynomial combinations of the
known invariants gives no new information. This observation together with the new
reduction conditions for initiation, discrete and continuous transition can be used to
reduce the number of template variables before the beginning of any computation. In
particular, Lemma 4.5 and the more trivial results in Lemma 4.6 and Lemma 4.7 allow
one to establish Theorem 4.8. According to the latter, it is possible to preliminarily set
the value zero to some of the assertion template coefficients for the generating invariant
(given a set of precomputed invariants).

Lemma 4.5
Let G = {p1, ..., pk} be a Gröbner basis for the invariants already holding in a
location l and LT (G) := {lt(p1), ..., lt(pk)}. Then for any further invariant q(x) :=∑
α

cα · xα of this location having normal form wrt G the following is satisfied:

∀α ∈ Nn : If any monomial of LT (G) divides xα then cα = 0.

Proof
Let q(x) :=

∑
α

cα · xα be a reduced invariant. Assume ∃α ∈ Nn : ∃i ∈ 1, ..., k :

lt(pi)|xα and cα 6= 0. Then q can be reduced via: q → q − lc(pi)
cα

· xα

lt(pi)
· pi. This is a

contradiction to that q already has normal form wrt G. q.e.d.

Lemma 4.6
Let l be a location with location invariants I(l) and let η be an inductive assertion
map. Then, for the different transition conditions:

• CV*: NFI(l)∪İ(l)(η̇(l)) = NFI(l)∪İ(l)(
˙NFI(l)(η(l))

• CS*: NFI(l)∪İ(l)(η̇(l)− λ · η(l)) = NFI(l)∪İ(l)(
˙NFI(l)(η(l))−NFI(l)(λ · η(l)))

• PS*:NFI(l)∪İ(l)(η̇(l)− p · η(l)) = NFI(l)∪İ(l)(
˙NFI(l)(η(l))−NFI(l)(p · η(l)))

Proof
Let the transition condition be CV* and let I(l) = 〈p1, ..., pk〉.
Let η(l) = NFI(l)(η(l)) +

k∑
i=1

gi · pi

⇒ η̇(l) = ˙NFI(l)(η(l)) +
˙k∑

i=1

gi · pi
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By product rule:
˙

(
k∑

i=1

gi · pi) =
k∑

i=1

gi · ṗi + ġi · pi. Computing normal forms wrt

Gröbner bases is additive, i.e. NF (f + g) = NF (f) + NF (g)

⇒ NFI(l)∪İ(l)(η̇(l)) = NFI(l)∪İ(l)(
˙NFI(l)(η(l))) + NFI(l)∪İ(l)(

k∑
i=1

gi · ṗi + ġi · pi) =

NFI(l)∪İ(l)(
˙NFI(l)(η(l))) + 0 = NFI(l)∪İ(l)(

˙NFI(l)(η(l))), since ṗi ∈ İ(l)

The other two cases follow analogously. q.e.d.

Lemma 4.7
Let τ = (l, l′, ρ) be a discrete transition and let η be an inductive assertion map.
Then, for the different transition conditions, we have:

• LC*: NFI(l′)∪ρ∪I′(l)(η(l)′) = NFI(l′)∪ρ∪I′(l)(NFI′(l)η(l)′)

• CV*: NFI(l′)∪ρ∪I′(l)(η(l)′ − η(l)) = NFI(l′)∪ρ∪I′(l)(NFI′(l)(η(l)′ − η(l))

• CS*: NFI(l′)∪ρ∪I′(l)(η(l)′ − λ · η(l)) = NFI(l′)∪ρ∪I′(l)(NFI′(l)(η(l)′ − λ · η(l))

• PS*: NFI(l′)∪ρ∪I′(l)(η(l)′ − p · η(l)) = NFI(l′)∪ρ∪I′(l)(NFI′(l)(η(l)′ − p · η(l))

Proof
Analogous to the proof of Lemma 4.6. q.e.d.

Theorem 4.8
Let G = {p1, ..., pk} be a Gröbner basis for the invariants already holding in a
location l and LT (G) := {lt(p1), ..., lt(pk)}. Consider A = {α | ∃xβ ∈ LT (G) :

xβ|xα}. The template assertion maps T =
∑
α

cαxα and T ′ =
∑
α/∈A

cαxα are equivalent

for all combination of the strengthened transition conditions, i.e. they lead to the
same set of new invariants for l.

Proof
Let η(l) =

∑
α

cα · xα, and let xα̂ be a term of η(l) being divided by the leading

term of p =
∑
γ

pγ · xγ, p ∈ G. Since the polynomials in G are polynomials over

R, w.l.o.g. we can assume that the leading coefficient of p is equal to 1. G is a
Gröbner basis, so NFI(l)(η(l)) = NFI(l)(η(l)− cα̂ · xα̂

lt(p)
p) (*).

Let xα̂

lt(p)
= xβ, then

η(l)− cα̂ · xα̂

lt(p)
p =

∑
α

cα · xα − cα̂ · xβ ·
∑

γ

pγ · xγ

=
∑

α

cα · xα − cα̂ ·
∑

γ

pγ · xγ+β

=
∑

α

cα · xα −
∑

α

p′α · xα
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where in the polynomial p the terms pγ · xγ+β are renamed to p′α · xα according to
p′α = cα̂ · pβ and the coefficients to terms of η(l) not occurring in xβ · p are set to
zero.
⇒ η(l)− cα̂ · xα̂

lt(p)
p =

∑
α

(cα − p′α) · xα =
∑
α 6=α̂

(cα − p′α) · xα because of the reduction

with p

Renaming the coefficients of ηnew(l) := η(l)− cα̂ · xα̂

lt(p)
p yields:

ηnew(l) = η(l)− cα̂ · xα̂

lt(p)
p =

∑
α 6=α̂

c′αxα

Now let us take a look at the three conditions:

• Initiation (if l is an initial location):
NFθ∪I(l)(η(l)) = NFθ∪I(l)(NFI(l)η(l)) = NFθ∪I(l)(ηnew(l)) by (*)

• Discrete Transition:
For transition type LC and discrete transition τ = (l′, l, ρ):

NFI(l′)∪ρ∪I′(l)(η(l)′) = NFI(l′)∪ρ∪I′(l)(NFI′(l)η(l)′) = NFI(l′)∪ρ∪I′(l)(ηnew(l)′) by
(*)

In the other transition types, one can similarly replace η(l)′ by ηnew(l)′. See
Lemma 4.7.

• Continuous Transition:
For transition type CV:
NFI(l)∪İ(l)(η̇(l)) = NFI(l)∪İ(l)(

˙NFI(l)(η(l)) = NFI(l)∪İ(l)(η̇new(l)) by (*)

In the other transition types, one can similarly replace η(l) by ηnew(l). See
Lemma 4.6.

Hence, one can replace in each step of the algorithm the polynomial η(l) by ηnew(l).
Thus, any calculations can be done with ηnew(l) and afterwards adding the equa-
tions c′α = cα− p′α. Solving the system of coefficient equations with the coefficients
c′α of ηnew(l) leads to the solution space for ηnew(l). Considering the original coeffi-
cients of η(l) by c′α = cα− p′α yields just the addition of cα̂ ·xβ · p with arbitrary cα̂,
since in the calculations with ηnew(l), no cα̂ occurs and only the equations belonging
to the reduction with p have any cα̂ inside.
Thus, the solution space of the original assertion η(l) has - modulo I(l) - no more
solutions than ηnew(l).
Doing this inductively for all reducable terms of η(l) yields the claim. q.e.d.

Lemma 4.5 tells us that setting the coefficients of reducable terms to zero makes sense and
Theorem 4.8 tells us, that the algorithm using this fact will - modulo existing invariants
- still produce the same output.
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4.3 Incremental Generation of Constraints

In the previous section, we have seen how to use precomputed invariants to set to 0
some template assertion coefficients of invariants of higher degree. In this section, we
further show how to ’recycle’ the computations of assertion coefficients along the series
of (increasing degree) invariants generated by the algorithm in [SSM04, San05]. We start
with some preliminary results, which will be used further.

Lemma 4.9
Let l be a location over the location variables x = (x1, ..., xn). Let the first deriva-
tives of the xi be polynomials in R[x] and let p ∈ R[x]>k. Then, ṗ[x] ∈ R[x]>k−1.

Proof

By definition: ṗ[x] =
k∑

i=1

∂p
∂xi
· ẋi

Let p =
∑

k<|α|<deg(p)

cα · xα

Let cα · xα = cα · xα1
1 ...xαn

n

Then ∂cα·xα

∂xi
=

{
αi · cα · xα1

1 ...x
αi−1

i ...xαn
n αi 6= 0

0 αi = 0

i.e. deg(∂cα·xα

∂xi
) =

{
deg(cα · xα)− 1 αi 6= 0

0 αi = 0

⇒ ∂cα·xα

∂xi
ẋi = 0 or ∂cα·xα

∂xi
ẋi ∈ R[x]>k−1

This yields the claim. q.e.d.

Lemma 4.10
Let τ be a transition with x′i ∈ R[x]≥ki

or x′i = 0. Let p ∈ R[x]≥k. Then p(x′) ∈
R≥k·min{ki} or p(x′) = 0.

Proof
Let p =

∑
α

cα · xα.

Let cα · xα = cα · xα1
1 ...xαn

n be a term of p and let all αi be equal to 0 where x′i = 0.
Otherwise cα · (xα) = 0 is not of interest.
Then: cα · (xα)′ = cα · (xα1

1 )′...(xαn
n )′

⇒ deg(cα · (xα)′) ≥
n∑

i=1

αi · ki ≥
n∑

i=1

αi ·min{ki} = min{ki} ·
n∑

i=1

αi = min{ki} · |α| =
min{ki} · deg(cα · xα)

⇒ Either p(x′) = 0 or p ∈ Rk·min{ki} since every term of p(x′) has at least degree
k ·min{ki}. q.e.d.
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Lemma 4.11
Let f and p be homogeneous polynomials and let f be reducable by p. Then, the
reduced polynomial f ′ is still homogeneous and is either the zero-polynomial or is
of the same degree as f.

Proof
Let f =

∑
α

cα · xα and let cα̂ · xα̂ be a reducable term of f .

Then: f
p→ f ′ = f − cα̂·xα̂

lt(p)
p

Since cα̂·xα̂

lt(p)
consists only of one term, cα̂·xα̂

lt(p)
· p is homogeneous and has degree

(deg(f) − deg(p)) + deg(p) = deg(f). Adding up two homogeneous polynomials
of the same degree either yields the zero-polynomial or a polynomial of the same
degree.
This yields the claim. q.e.d.

Remark 4.1
With reduction w.r.t. arbitrary non-homogeneous polynomials, the terms of the
reduced polynomial can not be predicted.

Given the above results, we provide a general idea of an incremental variant of the
algorithm in [SSM04, San05], where ’incremental’ refers to the fact, that

1. to determine the coefficients of the templates referring to invariants having degree
n, we make use of computations relative to lower degree templates, and

2. we make use of already obtained invariants of (lower) degree obtained by performing
Gröbner basis reductions.

Assume that all the computations for templates of degree n are available, and templates
of degree n + 1 are to be determined. The new templates will have the form

ηn+1(l) =
∑

|α|≤n+1

cl,α · xα =
∑
|α|≤n

cl,α · xα +
∑

|α|=n+1

cl,α · xα =: ηn(l) + ηn+1,diff (l) (*)

As you can see from (*), you can divide the new template into two smaller templates;
in particular, the template of one degree less and a template where only terms of degree
n + 1 occur. For ηn(l), the polynomials η′n(l) and η̇n(l) have been already computed
when dealing with lower degrees. It can easily be shown that η′ + µ′ = (η + µ)′ and
η̇ + µ̇ = ˙(η + µ) and in equation (*), NFG(f + g) = NFG(f) + NFG(g) holds (see
Theorem 2.2). Thus, all operations we deal with are additive. Thus, it remains to apply
each one of the above operations to the polynomial ηn+1,diff (l) and in a second step, we
can combine this with the already existent results for ηn(l).

Now let us look at η′n+1,diff and η̇n+1,diff . The template ηn+1,diff is by definition
homogeneous of degree n + 1. Hence, this yields that η̇n+1,diff ∈ R[x]>n−1, i.e. no
coefficient equation of terms of degree ≤ n− 1 will be changed by η̇n+1,diff . The discrete
transition is a bit more difficult. If at least one of the polynomials x′i has a constant
term, all coefficient equations will be changed. In order to illustrate the problem, we will
give two simple examples:
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Example 4.2
• Consider take the following automaton (Figure 4.5). Let the discrete transi-
tion type be LC* and let η(l2) =

∑
i

cix
i.

τ

x′ = x2 + x + 1l0 l1

Figure 4.5: Changes due to Discrete Transition (1)

⇒ ∀n ∈ N : η′n+1,diff = cn+1 · (x′)n+1 = cn+1 · (x2 + x + 1)n+1 has terms of
every degree ≤ 2n + 2.
⇒ In this example, the transition conditions of the discrete transition τ will
always change every coefficient equation of η(l2)

′.

• Consider now the slightly modified automaton of Figure 4.6:

τ

x′ = x2 + xl0 l1

Figure 4.6: Changes due to Discrete Transition (2)

⇒ ∀n ∈ N : η′n+1,diff = cn+1 · (x′)n+1 = cn+1 · (x2 + x)n+1 has only terms of
degree ≥ n + 1

⇒ When increasing the degree of the template from n to n + 1, no coefficient
equation for terms of degree ≤ n will be changed for the discrete transition τ

The second problem is, that the location invariants and guards on the discrete transitions
seldom are homogeneous polynomials. Hence, reducing with them will possibly change
every coefficient equation. If you want to preserve as many coefficient equations as
possible, then you can not automatically do reduction. This will again be illustrated by
a simple example:

Example 4.3
Consider the following automaton (Figure 4.7) with discrete transition type LC*,
the lexicographic term ordering with x > y and let η(l2) =

∑
α

cα(x, y)α.

⇒ ∀n ∈ N : η′n+1,diff = xn+1

⇒ ∀n ∈ N : NF (η′n+1,diff ) = NF (xn+1) = (y + 1)n+1

⇒ When doing the reduction in η′n+1,diff there will occur terms of every degree.

Because of these two problems, the hybrid automaton has to satisfy the following as-
sumption:
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τ

Id(x), y′ = 0
x = y + 1

l0 l1

Figure 4.7: Changes due to Computation of Normal Forms

Assumption 1
• For all discrete transitions, the polynomials x′i are either the zero-polynomials
or do not have constant terms.

• All location invariants and transition invariants are homogeneous.

The problem is, that the hybrid automaton seldom has the form claimed in the assump-
tion. We therefore have to modify the automaton in such a way, that (1) the original
behavior of the automaton is preserved, and (2) the discrete transitions and given invari-
ants are changed in such a way, that they satisfy Assumption 1. More precisely, after
this partial homogenization, the automaton will have the form:

1. For all discrete transitions τ : x′i ∈ R[x]≥1, i.e. the x′i do not contain a constant
term.

2. All location conditions in I(l), İ(l) and guards on the discrete transitions are ho-
mogeneous polynomials.

After these modifications, the automaton will fulfill exactly the assumptions made for
the first approach.

As an example, consider how the automaton of figure 4.8 [SSM04, San05], which
models a simple train system, is partly homogenized. In order to achieve an automaton

s, x, v ≥ 0
ẋ = v
v̇ = 2
ṫ = 1

l0

s, x, v ≥ 0
ẋ = v
v̇ = −1
ṫ = 1

l2

s, x ≥ 0
v − 5 = 0

ẋ = v
v̇ = 0
ṫ = 1

l1

τ1

v=5
Id(s, x, v, t)

τ2

Id(s, x, v, t)

τ3

v = 0
s′ = s + 1 ∧ t′ = t + 2
Id(x, v)

Figure 4.8: Train System (see [SSM04], [San05])

of the desired form, we introduce a slack variable, here denoted by y. y will be initialized
in the initial state with y = 1. In each state, the first derivative will be ẏ = 0, i.e., y
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remains constant in each location. The transitions will be expanded with the condition
y′ = y. These conditions guarantee that y will be equally be 1 on all possible paths.
Furthermore, the introduction of y does not change the behavior of the automaton.

In a second step, we change all discrete transition conditions x′i = ... which do not
satisfy condition 1 above in the following way: x′i =

∑
|α|≥1

cαxα + c0 7→ x′i =
∑
|α|≥1

cαxα +

c0 · y ∈ R[x, y]>0

In the third step, we change the location conditions and the guards on the discrete
transitions in such a way that they will be homogenized. Let p(x) =

∑
α

cαxα be a poly-

nomial and let d be the degree of the polynomial. Then the homogenization of p is
ph(x) =

∑
α

cαxα ·yd−|α|. For example the homogenization of p(x1, x2) = x3
1x2 +x1x

2
2 +4x1

would be ph(x1, x2) = x3
1x2 + x1x

2
2y + 4x1y

3. If we homogenize the location conditions
and the guards on the discrete transitions in such a way, the values of these polynomials
do never change, since by construction y is always equal to 1, and so multiplying sum-
mands with powers of y does not change the values. The same will be done with the
conditions İ(l) for the continuous transition. If we now construct a Gröbner basis with
the homogenized polynomials, the Gröbner basis will also only consist of homogeneous
polynomials (see Lemma 4.11).

s, x, v ≥ 0
ẋ = v
v̇ = 2
ṫ = 1
ẏ = 0
l0

s, x, v ≥ 0
ẋ = v
v̇ = −1
ṫ = 1
ẏ = 0

l2

s, x ≥ 0
v − 5 = 0

ẋ = v
v̇ = 0
ṫ = 1
ẏ = 0
l1

τ1

v=5
Id(s, x, v, t, y)

τ2

Id(s, x, v, t, y)

τ3

v = 0
s′ = s + 1 ∧ t′ = t + 2
Id(x, v, y)

Figure 4.9: Train System after step 1 of the Preprocessing

Remark 4.2
The inductive assertion y − 1 = 0 for all locations l of the partly homogenized
automaton will be found with any combination of CV’, CS’ and PS’ for discrete
transition and CV’, CS’, PS’ for continuous transition.

The formal description of the algorithm is given in Algorithm 2.
After doing this preprocessing, we can now formulate the algorithm for the incremen-

tal approach. In addition to the already explained ideas, we can also use Theorem 4.8 in
order to reduce the number of template variables.

For the algorithm, we will need the following notations:
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Algorithm 2 Computing a partly homogenized automaton

Require: Algebraic Hybrid Automaton H

Ensure: H ′ satisfying assumption 1
{Introducing the slack variable y}
for all locations l do
add ẏ = 0

for all transitions τ do
add y′ = y

add y = 1 to Initial conditions Θ

{Changing the discrete transition conditions}
for all transitions τ do
for all variables xi do
change x′i =

∑
α≥0

cαxα into x′i =
∑
α>0

cαxα + c(0,...,0) · y

{Homogenizing of the location conditions and transition conditions}
for all locations l do
for all location invariants 0 = p(x) do

p := ph

for all transitions τ do
for all transition conditions 0 = p(x) do

p := ph
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s, x, v ≥ 0
ẋ = v
v̇ = 2
ṫ = 1
ẏ = 0
l0

s, x, v ≥ 0
ẋ = v
v̇ = −1
ṫ = 1
ẏ = 0

l2

s, x ≥ 0
v − 5 = 0

ẋ = v
v̇ = 0
ṫ = 1
ẏ = 0
l1

τ1

v=5
Id(s, x, v, t, y)

τ2

Id(s, x, v, t, y)

τ3

v = 0
s′ = s + y ∧ t′ = t + 2y
Id(x, v, y)

Figure 4.10: Train System after step 2 of the Preprocessing

s, x, v ≥ 0
ẋ = v
v̇ = 2
ṫ = 1
ẏ = 0
l0

s, x, v ≥ 0
ẋ = v
v̇ = −1
ṫ = 1
ẏ = 0

l2

s, x ≥ 0
v − 5y = 0

ẋ = v
v̇ = 0
ṫ = 1
ẏ = 0
l1

τ1

v=5y
Id(s, x, v, t, y)

τ2

Id(s, x, v, t, y)

τ3

v = 0
s′ = s + y ∧ t′ = t + 2y
Id(x, v, y)

Figure 4.11: Train System after step 3 of the Preprocessing

• S is the Set of coefficient equations, which won’t be changed any more,

• S ′ is a helper set of still changeable coefficient equations,

• q(l), q(τ) are polynomials for keeping the terms for continuous transition and dis-
crete transition, which can still be changed,

• pre(τ) and post(τ) denote pre and postlocation of a discrete transition τ ,

• for q(x) ∈ R[x], q>i denotes the terms of q of degree > i and q=i the terms of degree
i,

• η̇i(l) is defined in the following way (depending on the transition condition):

– CV’: η̇i(l) := η̇=i(l)

– CS’: η̇i(l) := η̇=i(l)− λl · η=i

– PS’: η̇i(l) := η̇=i(l)− pl · η=i
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Analogously: ηi(l)′

• Let τ be a discrete transition and x′i ∈ R[x]≥ki
. Then, as in Lemma 4.10:

kτ := min(ki).

With these notations, we can now formulate the incremental generation of inductive
invariants (Algorithm 3).

4.4 Analysis of the Solutions
In this section, we discuss the analysis of the solution space corresponding to a set of
coefficient equations. Usually, when the set of constraints is solvable, this set of coefficient
equations gives an underestimated system of linear or nonlinear equalities, depending
on the chosen transition type for discrete and continuous transition. Assume that you
are given the solution space for the coefficients as coefficients depending on parameters
λ ∈ Rk, where k is the dimension of the solution space. Then, by construction we know
that ∀λ ∈ Rk∀ locationsl : η(l)(λ) = 0 is an assertion. Here, the η(l)(λ) denotes, that the
coefficients of η(l) depend on the vector λ. In [SSM04, San05] it is proposed to instantiate
the parameters λ by (1, ..., 1). Since η is an inductive assertion map for all λ ∈ Rk, this
obviously leads to a feasible inductive assertion map. However, with this approach, a lot
of information is lost. Since without loosing the property, that η is an inductive assertion
map, the value of the parameters λ can be assigned any value. This information helps
to determine - perhaps non-inductive - assertions from the original parameterized one.

Theorem 4.12 (Interpretation of Solutions)
Let η be an inductive assertion map and let l be a location. Let the coefficients
cl,α of η(l), short cα, be depending on the parameters λ ∈ Rk, i.e. ∀λ ∈ Rk :

η(l)(λ) = 0. Let η(l)(λ) =
∑
α

cα(λ) · xα = λ1 · p1 + p2, where p1 ∈ R[λ1, ..., λk][x]

and p2 ∈ R[λ2, ..., λk][x], i.e. divide η(l) in the part depending on λ1 and the part
not depending on λ1. Then:
∀λ ∈ Rk: p1 = 0 and p2 = 0 are algebraic assertions of the location l

Proof
∀λ ∈ Rk : η(l)(λ) = 0 is an algebraic assertion of l

⇒ ∀(0, λ2, ..., λk) ∈ Rk : η(l)((0, λ2, ..., λk)) = 0 is an algebraic assertion of l

⇒ 0 = η(l)((0, λ2, ..., λk)) = 0 · p1 + p2 = p2 is an algebraic assertion of l for all
λ ∈ Rk

⇒ 0 = η(l)(λ) = λ1 · p1 + p2 = λ1 · p1 + 0 = λ1 · p1 is an algebraic assertion of l for
all λ ∈ Rk

This yields the claim. q.e.d.

Remark 4.3
Obviously, Theorem 4.12 can be applied inductively on the smaller polynomials p1

and p2. The procedure can also be applied with any other parameter λ2, ..., λk.
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Algorithm 3 Incremental generation of inductive assertions

Require: Algebraic Hybrid Automaton H

type of continuous and discrete transition
Number m of iteration steps

Ensure: inductive assertions satisfying the given transition conditions up to degree m

Apply Algorithm 2 to H

S = ∅
for all locations l and discrete transitions τ do

p(l) = 0; p(τ) = 0;

for d = 0 to m do
S ′ := ∅
for all locations l do

Set all coefficients of η of degree d satisfying conditions of Theorem 4.8 equal to
zero

{Initiation}
S ′ := S ′ ∪ {coefficient equations of NFθ∪I(l0)(η(l0))}
{Continuous transition}
for all locations l do

p(l) := p(l) + NFI(l)∪İ(l)(η̇
d(l))

S := S ∪ {coefficient equations of p(l) of degree ≤ d− 1}
p(l) := p(l)≥d

S ′ := S ′ ∪ {coefficient equations of p(l)}
{ Discrete transition}
for all discrete transitions τ do

l1 := pre(τ); l2 := post(τ)

p(τ) := p(τ) + NFI(l1)∪I(l2)∪I(τ)(η
d(l2)

′)

S := S ∪ {coefficient equations of p(τ) of degree < (d + 1) · kτ}

Solve S as far as possible (with using the results from former iterations)
if S is unsolvable because of contradicting constraints then

OUTPUT: "No solution for degree > d possible", STOP
solve S ∪ S ′

if S ∪ S ′ has solutions then
actualize the I(l) and İ(l) with the homogenizations of the new solutions
OUTPUT: all solutions of S ∪ S ′
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4.5 Illustration of the Final Algorithm
In this section, we will present example, to illustrate Algorithm 3 as well as Remark
4.2 (the homogenization invariant will be found) and Theorem 4.12. Let us therefore
consider the automaton of Figure 4.12 [SSM04, San05], which models the movement of
a particle in a magnetic field.

ẋ = v
ẏ = w
v̇ = 0
ẇ = 0

Right

ẋ = v
ẏ = w
v̇ = −kw
ẇ = kv

Magnetic

ẋ = v
ẏ = w
v̇ = 0
ẇ = 0

Left

τ1

Id(x, y, v, w, s)
x = 2

Id(x, y, v, w, s)
x = 2

τ2

x = 0
Id(x, y, w, s), v′ = −v

τ3

Input:
x = y = 0, v = 2,
w = −2

Figure 4.12: Particle in a Magnetic Field

Since the discrete transition conditions of τ1 and τ2 do not fulfill the conditions of the
assumption, the automaton has to be preprocessed by Algorithm 2. Applying this algo-
rithm to the automaton yields the automaton of Figure 4.13.

ẋ = v
ẏ = w
v̇ = 0
ẇ = 0
ṡ = 0

Right

ẋ = v
ẏ = w
v̇ = −kw
ẇ = kv
ṡ = 0

Magnetic

ẋ = v
ẏ = w
v̇ = 0
ẇ = 0
ṡ = 0

Left

τ1

Id(x, y, v, w, s)
x = 2s

Id(x, y, v, w, s)
x = 2s

τ2

x = 0
Id(x, y, w, s), v′ = −v

τ3

Input:
x = y = 0, v = 2,
w = −2, s = 1

Figure 4.13: Particle in a Magnetic Field: after preprocessing

We will describe the calculations step for step for the degrees 0 up to 2 of the tem-
plate polynomials. As transition conditions, we choose CV* for continuous and discrete
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transition. The templates will have the following form:

• Location Right: η(Right) =
∑
α

aαxα

• Location Magnetic: η(magnetic) =
∑
α

bαxα

• Location Left: η(Left) =
∑
α

cαxα

The constants kτ for the discrete transitions are kτ1 = kτ2 = kτ3 = 1
The term ordering we will use is length-lex with x > y > v > w > s. Since at most
one equation is given for each ideal needed for continuous and discrete transition, this
polynomial is already the Gröbner basis, so no Gröbner basis computations are required
until new invariants are found.

Degree = 0:
Initiation: a = 0
Continuous Transition:

• Location Right:
η̇0(Right) = 0
⇒ p(Right)≥0 = 0

• Location Magnetic:
η̇0(Magnetic) = 0
⇒ p(Magnetic)≥0 = 0

• Location Left:
η̇0(Left) = 0
⇒ p(Left)≥0 = 0

Discrete Transition:

• Location Right:
η0(Right)′ = a− c

!
= 0

⇒ p(τ3)>0 = 0 and S = S ∪ {a− c}
• Location Magnetic:

η0(Magnetic)′ = b− a
!
= 0

⇒ p(τ1)>0 = 0 and S = S ∪ {b− a}
• Location Left:

η0(Left)′ = c− b
!
= 0

⇒ p(τ2)>0 = 0 and S = S ∪ {c− b}
⇒ S = {a− c, b− a, c− b} and S ′ = {a}
Solving S leads to a = b = c = λ for λ ∈ R.
Together with S ′ this yields: a = b = c = 0, i.e. the assertion true for all locations.

Degree = 1:
Initiation: a + 2av − 2aw + as = 0
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Continuous Transition:

• Location Right:
η̇1(Right) = axv + ayw

!
= 0

⇒ p(Right)≥1 = axv + ayw

• Location Magnetic:
η̇1(Magnetic) = bxv + byw − kbvw + kbwv = (bx + kbw)v + (by − kbv)w

!
= 0

⇒ p(Magnetic)≥1 = (bx + kbw)v + (by − kbv)w

• Location Left:
η̇1(Left) = cxv + cyw

!
= 0

⇒ p(Left)≥1 = cxv + cyw

Discrete Transition:

• Location Right:

η1(Right)′ = ayy + avv + aww + ass− (cyy + cvv + cww + css)

= (ay − cy)y + (av − cv)v + (aw − cw)w + (as − cs)s
!
= 0

⇒ p(τ3)>1 = 0 and S = S ∪ {ay − cy, av − cv, aw − cw, as − cs}
• Location Magnetic:

η1(Magnetic)′ = 2bxs + byy + bvv + bww + bss− (2axs + ayy + avv + aww + ass)

= (by − ay)y + (bv − av)v + (bw − aw)w + (2bx + bs − 2ax − as)s
!
= 0

⇒ p(τ1)>1 = 0 and S = S ∪ {by − ay, bv − av, bw − aw, 2bx + bs − 2ax − as}
• Location Left:

η1(Left)′ = 2cxs + cyy + cvv + cww + css− (2bxs + byy + bvv + bww + bss)

= (cy − by)y + (cv − bv)v + (cw − bw)w + (2cx + cs − 2bx − bs)s
!
= 0

⇒ p(τ2)>1 = 0 and S = S ∪ {cy − by, cv − bv, cw − bw, 2cx + cs − 2bx − bs}
⇒ So we get the coefficient equations

S = {a− c, b− a, c− b} ∪ {ay − cy, av − cv, aw − cw, as − cs}
∪ {by − ay, bv − av, bw − aw, 2bx + bs − 2ax − as}
∪ {cy − by, cv − bv, cw − bw, 2cx + cs − 2bx − bs}

S ′ = {a + 2av − 2aw + as} ∪ {ax, ay} ∪ {bx + kbw, by − kbv} ∪ {cx, cy}
Solving S yields together with the results from above:

• a = b = c = λ1

• ay = by = cy = λ2
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• av = bv = cv = λ3

• aw = bw = cw = λ4

• as = bs, 2bx + bs − 2ax − as = 0 and 2cx + cs − 2bx − bs = 0

Solving now S ∪ S ′ yields the following inductive assertion map:

• Location Right: ∀λ1, λ4 ∈ R :

η(Right) = λ4w + (2λ4 − λ1)s + λ1

= λ4(w + 2s) + λ1(1− s)

• Location Magnetic: ∀λ1, λ4 ∈ R :

η(Magnetic) = −kλ4x + λ4w + ((2k + 2)λ4 − λ1)s + λ1

= λ4(−kx + w + (2k + 2)s) + λ1(1− s)

• Location Left: ∀λ1, λ4 ∈ R :

η(Right) = λ4w + (2λ4 − λ1)s + λ1

= λ4(w + 2s) + λ1(1− s)

Using now Theorem 4.12 yields the following assertions for the three locations:

• Location Right: w + 2s = 0 and 1− s = 0

• Location Magnetic: −kx + w + (2k + 2)s = 0 and 1− s = 0

• Location Left: w + 2s = 0 and 1− s = 0

degree = 2:
In this step, we can already use the information obtained in the last step:

• Calculating new Gröbner bases for continuous and discrete transitions wrt the new
invariants. Note, that the homogenization of s− 1 = 0 does only yield 0 = 0, so it
does not appear in any form in the Gröbner bases.

• By Theorem 4.8, we can already set some of the coefficients to zero, i.e.
axw = ayw = avw = aww = aws = 0
bxx = bxy = bxv = bxw = bxs = 0
cxw = cyw = cvw = cww = cws = 0
S = S ∪ {axw, ayw, avw, aww, aws} ∪ {bxx, bxy, bxv, bxw, bxs} ∪ {cxw, cyw, cvw, cww, cws}
In order to simplify computations, we will already use this fact in the following
computations.
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Continuous Transition:

• Location Right:

NF (η̇2(Right)) = NF (2axxxv + axvv
2 + axsvs + 2ayyyw + ayxxw + aysws)

= 2axxxv + axvv
2 + axsvs− 4ayyys− 2ayxxs− 2ayss

2

⇒ p(Right)≥1 = axv + ayw + NF (η̇2(Right))

• Location Magnetic:

NF (η̇2(Magnetic)) = NF (2byyyw + byvvw + byww2 + bysws

−2kbvvvw − kbyvyw − kbvww2 − kbvsws

+2kbwwvw + kbvwv2 + kbywyv + kbwsvs)

= (2byy − kbyv)yw + kbywyv + (byv − 2kbvv + 2kbww)vw

(byw − kbvw)w2 + (bys − kbvs)ws + kbvwv2 + kbwsvs

⇒ p(Magnetic)≥1 = (bx + kbw)v + (by − kbv)w + NF (η̇2(Magnetic))

• Location Left:

NF (η̇2(Left)) = NF (2cxxxv + cxvv
2 + cxsvs + 2cyyyw + cyxxw + cysws)

= 2cxxxv + cxvv
2 + cxsvs− 4cyyys− 2cyxxs− 2cyss

2)

⇒ p(Left)≥1 = cxv + cyw + NF (η̇2(Left))

Discrete Transition:

• Location Right:

NF (η2(Right)′) = ayyy
2 + ayvyv + aysys + avvv

2 + avss + asss
2

−(cyyy
2 + cyvyv + cysys + cvvv

2 + cvss + csss
2)

= (ayy − cyy)y
2 + (ayv − cyv)yv + (ays − cys)ys

(avv − cvv)v
2 + (avs − cvs)vs + (ass − css)s

2

⇒ p(τ3)>2 = 0 and S = S∪{ayy−cyy, ayv−cyv, ays−cys, avv−cvv, avs−cvs, ass−css}
• Location Magnetic:

The Gröbner basis of 〈w + 2s, x− 2s,−kx + w + (2k + 2)s〉 is {w + 2s, x− 2s}
NF (η2(Magnetic)′) = byyy

2 + byvyv − 2bywys + bysys +

bvvv
2 − 2bvwvs + bvsvs + 4bwws2 − 2bwss

2 + bsss
2 −

(4axxs
2 + 2axyys + 2axvvs + 2axss

2 + ayyy
2 + ayvyv +

aysys + avvv
2 + avsvs + asss

2)

= (byy − ayy)y
2 + (byv − ayv)yv + (2byw + bys − 2axy − ays)ys

+(bvv − avv)v
2 + (2bvw + bvs − 2axv − avs)vs

+(4bww − 2bws + bss − 4axx − 2axss
2 − ass)s

2

⇒ p(τ1)>2 = 0 and S = S ∪ {byy − ayy, byv − ayv, 2byw + bys − 2axy − ays, bvv −
avv, 2bvw + bvs − 2axv − avs, 4bww − 2bws + bss − 4axx − 2axss

2 − ass}
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• Location Left:
The Gröbner basis of 〈w + 2s, x− 2s,−kx + w + (2k + 2)s〉 is {w + 2s, x− 2s}

NF (η2(Left)′) = 4cxxs
2 − 2cxyys− 2cxvvs− 2cxss

2 + cyyy
2 + cyvyv + cysys

+cvvv
2cvsvs + csss

2

(byyy
2 + byvyv − 2bywys + bysys + bvvv

2 − 2bvwvs + bvsvs

+4bwws2 − 2bwss
2 + bsss

2)

= (4cxx − 2cxs + css − 4bww + 2bwss
2 − bss)s

2

+(−2cxy + cys + 2byw − bys)ys + (−2cxv + cvs + 2bvw − bvs)vs

+(cyy − byy)y
2 + (cyv − byv)yv + (cvv − bvv)v

2

⇒ p(τ2)>2 = 0 and S = S ∪ {4cxx − 2cxs + css − 4bww + 2bwss
2 − bss,−2cxy + cys +

2byw − bys,−2cxv + cvs + 2bvw − bvs, cyy − byy, cyv − byv, cvv − bvv}
This yields the following for S and S ′ (without the already solved equations):

S = {ayy − cyy, ayv − cyv, ays − cys, avv − cvv, avs − cvs, ass − css}
∪ {byy − ayy, byv − ayv, 2byw + bys − 2axy − ays, bvv − avv, 2bvw + bvs − 2axv − avs,

4bww − 2bws + bss − 4axx − 2axss
2 − ass}

∪ {4cxx − 2cxs + css − 4bww + 2bwss
2 − bss,−2cxy + cys + 2byw − bys,

−2cxv + cvs + 2bvw − bvs, cyy − byy, cyv − byv, cvv − bvv}
S ′ = {ax, ay, axx, axv, axs, ayy, ayx, ays}

∪ {cx, cy, cxx, cxv, cxs, cyy, cyx, cys}
∪ {bx + kbw, by − kbv, 2byy − kbyv, byw,

byv − 2kbvv + 2kbww, byw − kbvw, bys − kbvs, bvw, bws}
Since we do not increase the degree of the templates further in this example, we won’t
solve S and S ′ seperately. Solving S ∪ S ′ yields the following results for λ ∈ R:

• η(Right) = λ · (v2 − 4s2)

• η(Magnetic) = λ · (v2 + w2 − 8s2)

• η(Left) = λ · (v2 − 4s2)
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Chapter 5

Summary and Outlook

In this thesis, we dealt with the problem of generating inductive algebraic assertions
for hybrid automata. Building upon the theoretical background of [SSM04, San05] we
were able to construct an incremental algorithm for the generation of series of algebraic
invariants of increasing degrees. In particular,

1. we showed how to use lower degree invariants to set to zero some coefficients in the
templates for the generation of higher degree invariants to zero, and

2. we developed a technique, which incrementally makes use of previous computations
(for coefficients of lower degree invariants) to synthesize the template coefficients
of higher degree invariants.

To maximize the reuse of previous computations in the incremental coefficient gener-
ation of point 2 above, we proposed a preprocessing technique consisting of a partly
homogenization of the given hybrid automaton.

The main advantage of the new algorithm is, that one needs not to decide beforehand,
for which degrees the algorithm should derive invariants, since computations already done
for smaller degrees are preserved and reused when doing computations for higher degrees.
One disadvantage of the preprocessing technique is that one needs to introduce a new
system variable, which means that the number of template variables slightly increases.
Another disadvantage is that because of the preprocessing - although the automaton still
shows exactly the same behavior - one can not guarantee, that all invariants are found,
that could be derived without preprocessing of the automaton.

Another direction to further work could be to extend the idea of dealing with alge-
braic hybrid automata via ideal membership problems to model checking purposes. In
particular this could lead to the determination of underapproximation of reachable states
that together with invariants leading to overapproximation of the reachable states would
give a better insight in the effective reach-set.
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