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Chapter 1

Preface

Hybrid automata are a well developed formalism proposed in the early nineties by T.
Henzinger for the modeling and the automated reasoning on hybrid systems, i.e. dynam-
ical systems characterized by the interaction between discrete and continuous dynamics.
The latter are ubiquitous in a variety of mathematical and engineering application fields
(real-time systems, embedded hardware/software, aeronautics, robotics.,...). As origi-
nally envisioned in [Hen96, HKPV98] hybrid automata have aspired to combine well
established formal tools arising from Mathematics, Logic, and Computer Science, in par-
ticular finite automata and differential equations. In hybrid automata, each discrete mode
is represented by a location, while the corresponding continuous dynamic is expressed via
a system of differential equations. As a result of the above formulation, hybrid automata
expose an immediately understood trade-off between their representation fidelity and the
solvability of related decidability problems addressing properties such as the reachabil-
ity issue (is a given target set of states reachable from the initial conditions?), which is
fundamental for the safety-analysis of the underlying hybrid system.

To date, along the detection of the exact border between decidability and unde-
cidability for hybrid automata [HKPV98, AHLP00, Mil00, LPS00] a major effort of
the related research community is devoted on the development of techniques for the
symbolic analysis of undecidable - and yet reasonably expressive - hybrid automata
[GTT03, PAM+05, TK02, RS05]. Most of the methods developed so far focus on the over-
approximation of the set of reachable states with applications to the safety certification of
the modeled hybrid systems. In particular, a variety of abstraction methods based on the
notion of simulation-preorder have been explored by many authors [GTT03, RS05, TK02].
In general, the simulation preorder from the abstraction to the hybrid automaton allows
for preservation only of valid formulas in the universal fragment of a branching time
temporal logic. Some techniques for the inference of polynomial invariants by means of
Gröbner bases techniques have been proposed in [SSM04, RCT05], applying to linear
and algebraic hybrid automata. Few authors address the problem of underapproximated
reachability analysis by means of bounded reachability techniques and semi-algebraic
representation of sets of states [PAM+05]. Recently, a novel framework has been pro-
posed in [GSM07] which allows to (1) combine over- and underapproximated reachability
analysis on hybrid automata and (2) both prove and provide counter-example to gen-
eral reactive system properties expressed by means of the computational tree temporal
logic, on hybrid automata. The work in [GSM07] is based on the definition of improv-
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ing abstractions of the original hybrid automaton, and of a corresponding three-valued
semantics for the temporal logic CTL .

The diploma thesis has two objectives. The first objective is to use algebraic methods
for the analysis of algebraic hybrid automata, based on Gröbner bases techniques. After
giving a brief review of the state of the art in that research field, an algorithm for generat-
ing polynomial invariants, which has been proposed in [SSM04, San05], will be improved
and made incremental. Furthermore, it will be shown, that Gröbner bases techniques are
not the tool of choice for a combined over- and underapproximated reachability analysis
on hybrid automata, since this technique only supports overapproximations of continuous
and discrete pre- and postimages of sets of states.

The second objective of this thesis is to develop a three-valued semantics for the µ-
calculus extending the ideas of the framework sketched in [GSM07] for combined over-
and underapproximated reachability and three-valued CTL model checking on hybrid
automata. This is done in two steps: In a first step, we develop a general paramet-
ric semantic framework, where preservation results for general µ-calculus formula only
depend on the concrete instantiation of the modal operators. In a second step, these
results are applied to two kinds of concrete abstractions of hybrid automata, allowing
combined over / underapproximated reachability analysis: namely, the discrete bounded
bisimulation abstraction introduced in [GSM07] and abstractions based on may / must
transitions, which extend to the hybrid domain to the modal abstractions for discrete
systems developed in [SG04].

The thesis is structured as follows: In Chapter 2, hybrid automata, CTL and µ-
calculus on hybrid automata, three-valued logics and the basics of computer algebra are
introduced. Chapter 3 will give an overview of the state of the art on methods based
on Gröbner bases techniques together with the improvement of the invariant generation
proposed in [SSM04, San05]. Furthermore, the inappropriateness of the use of Gröbner
bases techniques for combined over- and underapproximated reachability analysis on
hybrid automata will be shown. In Chapter 4, notions of abstraction frameworks for
hybrid automata are presented. On this ground in Chapter 5 the theoretical background
for a three-valued semantics for the µ-calculus is developed and applied to the concrete
abstractions based on discrete bounded bisimulation and may / must relations.

This thesis has evolved with the advice, feedback and help of many people. I would
like to express my gratitude especially to Prof. Schneider, Prof. Pfister and Dr. Gentilini
for giving me the opportunity to work on this subject and supporting me with advice
and suggestions throughout my time. I also want to thank everybody whom I have not
mentioned before including my family. The support of the ‘Promotionsprogramm des
Fachbereichs Informatik der TU Kaiserslautern’ is gratefully acknowledged.



Chapter 2

Preliminaries

2.1 Hybrid Automata

Hybrid systems are dynamical systems which combine discrete and continuous dynamics.
A formal way to model hybrid systems is provided by hybrid automata, introduced in
[Hen96]. In hybrid automata, the discrete part of the hybrid system is modeled by a
finite control graph, whose vertices (locations) denote the different discrete states of
the system, and where edges (discrete transitions) represent the discrete dynamics of
the system. The continuous part of the hybrid system is encoded via a (finite) set of
real-valued variables, continuously flowing according to appropriate sets of differential
equations in each location of the hybrid automaton. The switches between locations
(and consequently flow rules) are constrained by edge guards and location invariants.

Figure 2.1 depicts a simple example of a hybrid automaton, modelling a heating
system. Such a hybrid automaton has two locations, corresponding to the two discrete
control modes on and off of the modeled heating controller. The temperature, i.e. the
continuous part of the system, is represented by the real valued variable x. The system
starts with the temperature of 20 degrees at the location off. While the heating is off, the
temperature in the hybrid automaton falls via the differential rule ẋ = 0.1. According
to the edge guard x < 20, the location off may be left, when the temperature has fallen
below 20. Because of the location invariant x > 18 the location off must be left, when
the temperature falls below 18 degrees. The permanence in the control mode on has
similar constraints.

off on

x > 18 x < 24
ẋ = −0.1 ẋ = 5

x < 20 x′ = x

x > 22 x′ = x

Figure 2.1: Hybrid automaton modeling a heating system

The execution of hybrid automata leads to alternatingly discrete transitions between
different locations and continuous changes of the continuous variable of the system within
one location. As an example, a pictural view of a run of the hybrid automaton for the



4 2. Preliminaries

hybrid controller in Figure 2.1 is given in Figure 2.2.

location off
location on

time

x

Figure 2.2: Run of the heating controller

Due to possible resets of continuous variables during discrete transitions, the global
associated flows can result in piecewise continuous functions of the time.

The rest of this section is organized as follows: in Subsection 2.1.1, we define for-
mally the syntax for hybrid automata and give the corresponding semantics in terms
of (timed) transition systems. Subsection 2.1.2 introduces the behavioral equivalences
of bisimulation and simulation of (timed) transition systems useful for both abstracting
and comparing different hybrid automata.

2.1.1 Formal Syntax and Semantics
The formal syntax of hybrid automata is given in Definition 2.1.

Definition 2.1 (Hybrid Automaton)
A hybrid automaton is a tuple H = 〈L,E, X, Init, Inv, F, G, R〉 with the following
components:

• a finite set of locations L = {l1, ..., lk}

• a finite set of discrete transitions E ⊆ L× L

• a finite set of continuous variables X = {x1, ..., xn}

• an initial set of conditions: Init ⊆ L×Rn

• Inv : L → 2R
n the invariant location labeling

• F : L × Rn → Rn assigning to each location l ∈ L a vector field F (l, .) that
defines the evolution of continuous variables within l

• G : E → 2R
n the guard edge labeling

• R : E ×Rn → 2R
n the reset edge labeling

A state in H is a pair q = (l, x) ∈ Q, where l ∈ L and x ∈ Inv(l) ⊆ Rn. l is called
the discrete component of q and x the continuous component of q.

Below, we illustrate the formal syntax of hybrid automata given in Definition 2.1 using
the hybrid automaton for the heating controller already being introduced in Figure 2.1
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Example 2.1 (Heating system)
The formal syntax of the automaton graphically illustrated in Figure 2.1 is given by
the tuple H = 〈L,E,X, Init, Inv, F, G, R〉 with

• Set of Locations: L = {off, on}

• Set of discrete transitions: E = {(off,on), (on,off)}

• Set of continuous variables: X = {x}

• Initial condition: Init = (off, 20)

• Location invariants: off 7→ (18,∞) and on 7→ (−∞, 24)

• vector field: off : ẋ = −0.1 and on : ẋ = 5

• guard edge labeling: (off,on) 7→ (−∞, 20) and (on,off) 7→ (22,∞)

• reset edge labeling: ((off,on), x) 7→ x and ((on,off), x) 7→ x

The semantics of the hybrid automaton H is formally given by the associated timed
transition system defined in Definition 2.2.

Definition 2.2 (Timed Transition System)
Let H = 〈L,E, X, Init, Inv, F, G, R〉 be a hybrid automaton with |X| = n. The
timed transition system T t

H = 〈Q,Q0, l→,→〉 is defined by the following compo-
nents:

• Q ⊆ L×Rn is the state space. (l, x) ∈ Q iff x ∈ Inv(l)

• Q0 ⊆ Q is the set of initial states (l, x) ∈ Q0 iff (l, x) ∈ Init

• l→ = {e} ∪R

• →⊆ Q × l→ × Q is the set of continuous and discrete transitions defined as
follows:

– Continuous Transition:
There exists a continuous transition q = (l, x)

t→ q′ = (l, x′) with t ∈ R+

iff there exists a differentiable function f : [0, t] → Rn, s.t.

1. f(0) = x and f(t) = x′

2. ∀t′ ∈ [0, t] : f(t′) ² Inv(l) and ḟ(t) satisfies the conditions given by
the differential rule F (l)

– Discrete Transition:
There is a discrete transition (l, x) = q

e→ q′ = (l′, x′) iff
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1. (l, l′) ∈ E

2. the guard conditions are fulfilled: x ∈ G(l, l′)

3. the reset edge labeling conditions are fulfilled: R((l, l′), x) = x′

Now, a run q Ã q′ of the hybrid automaton H is defined to be a sequence of transitions
q = q0

a1→ q1
a2→ ...

an→ qn = q′ with ai ∈ {e}∪R+ in the associated timed transition system.
Note, however, that different runs can encode the same behavior. Consider therefore the
two runs (l, x0)

t1→ (l, x1)
t2→ (l, x2) and (l, x0)

t1+t2→ (l, x2), which both encode the same
continuous path starting in (l, x0) and having a duration of t1+t2. Thus, runs which only
differ in the encoding of the continuous parts are considered equivalent for the rest of the
thesis. Furthermore, in order to avoid the problem of distinguishing between finite and
infinite runs during verification, in this thesis we only consider hybrid automata, where
every run q Ã q′ can be extended to an infinite run, i.e. a run whose duration time of
the sum of the continuous transitions is infinite.

Abstracting time from timed transition systems, we obtain the notion of time abstract
transition systems, formally defining the time abstract semantics of hybrid automata.

Definition 2.3 (Time Abstract Transition System)
The time abstract transition system TH = 〈Q,Q0, l→,→〉 of the hybrid automaton
H = 〈L,E,X, Init, Inv, F, G, R〉 is defined by

• Q ⊆ L×Rn is the state space. (l, x) ∈ Q iff x ∈ Inv(l)

• Q0 ⊆ Q is the initial set of the system, (l, x) ∈ Q0 iff (l, x) ∈ Init.

• l→ = {e} ∪ {δ}

• →⊆ Q × l→ × Q is the set of continuous and discrete transitions defined as
follows:

– continuous transition:
There exists a continuous transition q = (l, x)

δ→ q′ = (l, x′) iff there
exists t ∈ R+ with q

t→ q′ in the timed transition system T t
H of H

– discrete transition:
There is a discrete transition q = (l, x)

e→ q′ = (l′, x′) iff there exists a
transition q

e→ q′ in the timed transition system T t
H of H.

Like in the timed transition system a run q Ã q′ of the hybrid automaton H can be
described by a sequence of transitions q = q0

a1→ q1
a2→ ...

an→ qn = q′ with ai ∈ {e, δ} in
the associated time abstract transition system.

For the further analysis of hybrid automata H and the associated (time-abstract)
transition system one also needs the notion of regions, predecessor- and successor-regions,
that are introduced below.

• A subset r ⊆ Q is called a region of TH . If r ⊆ Q0 then r is called initial region.
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• The predecessor-region Prea(r) of a region r by an abstract transition a ∈ l→ is
defined by Prea(r) := {x ∈ Q | ∃y ∈ r : x

a→ y}.
The successor region Posta(r) is defined by Posta(r) := {x ∈ Q | ∃y ∈ r : y

a→ x}.
In the rest of the thesis, only time abstract transition systems will be considered since
for checking safety properties it is not important how long it takes to get somewhere but
only whether it is possible to get there.

Example 2.2 (Heating system continued)

off on

x > 18 x < 24
ẋ = −0.1 ẋ = 5

x < 20 x′ = x

x > 22 x′ = x

Figure 2.3: Hybrid automaton modeling a heating system

Let us consider again the hybrid automaton representing a simple heating system,
which is represented in Figure 2.3. The timed transition system T t

H = 〈Q,Q0, l→,→〉
of the hybrid automaton H consists of the elements

• Q = {off,on} × (18, 24)

• Q0 = (off, 20)

• l→ := {e} ∪R

• Let (l, x), (l′, x′) ∈ Q and t ∈ R+

– (l, x)
t→ (l′, x′), i.e. ((l, x), t, (l′, x′)) ∈→

if l = l′ = off ∧ x− 0.1t = x′ ∧ x′ > 18 or
if l = l′ = on ∧ x + 5t = x′ ∧ x′ < 24

– (l, x)
e→ (l, x′), i.e. ((l, x), e, (l′, x′)) ∈→

if l = off ∧ l′ = on ∧ x < 20 ∧ x′ = x or
if l = on ∧ l′ = off ∧ x > 22 ∧ x′ = x

A possible run of H would be (off, 20)
0.5→ (off, 19.5)

e→ (on, 19.5).
When considering the time abstract transition system TH of this hybrid automaton
the only changes to the timed transition system T t

H are

• l→ = {e} ∪ {δ}

• Let (l, x), (l′, x′) ∈ Q

– (l, x)
δ→ (l, x′), i.e. ((l, x), δ, (l, x′)) ∈→

iff ∃t ∈ R+ : (l, x)
t→ (l, x′) in the timed transition system T t

H
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A possible run of H would be (off, 20)
δ→ (off, 19.5)

e→ (on, 19.5)

The δ-predecessor of the region {off} × (19, 20) is Preδ(r) = {off} × (18, 20)

2.1.2 Behavioral Equivalence

The notions of simulation and bisimulation [GSM07, Par81] provide well established
formal tools for comparing the behaviors of transition systems. Informally, when a tran-
sition system T1 simulates a transition system T2, T1 subsumes all behaviors of T2. If
also T2 simulates T1, (i.e. T1 and T2 are simulation equivalent) then T1 and T2 are indis-
tinguishable by any formula in the universal fragment of the expressive modal µ-calculus
logic [BBLS93]. If T1 and T2 are bisimilar, then they further expose identical behaviors
in terms of any µ-calculus specification. As an example, abstractions of hybrid automata
are usually required in the literature to at least simulate the time abstract transition sys-
tem of the original hybrid automaton. This requirement guarantees that the abstractions
give at least an overapproximation of the underlying hybrid dynamics.

Definition 2.4 (Simulation Relation, Simulation Equivalence)
Let T 1 = 〈Q1, Q1

0, l
1
→,→1〉 and T 2 = 〈Q2, Q2

0, l
2
→,→2〉 be two transition systems and

let P be a partition of Q1 ∪Q2. A non-empty relation on ≤S⊆ Q1 ×Q2 is called a
simulation from T 1 to T 2 if for all p ≤S q:

1. p ∈ Q1
0 iff q ∈ Q2

0,

2. [p] ≡P [q] where [p] denotes the class of p in P , and

3. For all a ∈ l1→: If there exists a p′ ∈ Q1 s.t. p
a→ p′, then there exists a

q ∈ Q2, s.t. p′ ≤S q′ and q
a→ q′.

If there exists a simulation from T 1 to T 2 then T 2 simulates T 1, short T 1 ≥S T 2. If
in addition also T 2 ≥S T 1 holds, then the transition systems are called simulation
equivalent, short T 1 ≡S T 2.

The simulation relation defines a preorder on transition systems, since

• T ≤S T (reflexivity)

• T 1 ≤S T 2 and T 2 ≤S T 3 ⇒ T 1 ≤S T 3 (transitivity).

However, the antisymmetry does not hold. The notion of simulation equivalence ≡S is
obtained by adding exactly the property of antisymmetry to ≤S.

Definition 2.5 (Bisimulation Equivalence)
Let T 1 = 〈Q1, Q1

0, l
1
→,→1〉 and T 2 = 〈Q2, Q2

0, l
2
→,→2〉 be two time abstract transition

systems and let P be a partition on Q1∪Q2. A non-empty relation on ≡B⊆ Q1×Q2

is called a bisimulation from T 1 to T 2 iff for all p ≡B q:
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1. p ∈ Q1
0 iff q ∈ Q2

0,

2. [p] ≡P [q],

3. For all a ∈ l1→: If there exists a p′ ∈ Q1 s.t. p
a→ p′, then there exists a

q ∈ Q2, s.t. p′ ≡S q′ and q
a→ q′, and

4. For all a ∈ l2→: If there exists a q′ ∈ Q2 s.t. q
a→ q′, then there exists a

p ∈ Q1, s.t. p′ ≡S q′ and p
a→ p′.

T 1 and T 2 are called bisimilar, short T 1 ≡B T 2 iff there exists a bisimulation.

The bisimulation relation defines an equivalence relation on transition systems, since
symmetry, reflexivity and transitivity hold.

Remark 2.1

By the definition of bisimulation, it directly follows that bisimilar transition systems
T 1 ≡B T 2 are also simulation equivalent. The other direction is not true. To this
purpose consider the following example:

s′1 s′2

Figure 2.4: T ′

s1 s2

s3

Figure 2.5: T

It is easy to verify, that the transition systems T and T ′ are simulation equivalent,
i.e. T ≡S T ′. However, they are not bisimilar, which is seen by contradiction as
follows:
Assume, that the systems were bisimilar. Then

• s1 ≡ s′1 and these states are equivalent to no other state, since they are the
only initial states

• s2 ≡ s′2 because of s1 → s2

Now the state s3 can neither be equivalent to s′1 nor s′2 since s3 is no initial state
and s3 9 s1. Thus, T and T ′ cannot be bisimilar.
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2.1.3 Decidability Results for Hybrid Automata

Hybrid automata are ubiquitous in many safety critical application fields. However,
because of the complexity given by the mixture of continuous and discrete dynamics,
in most cases even the question whether a set of states can be reached from the initial
states is undecidable. Only in few simple cases, where either the continuous or the
discrete dynamics are highly restricted, the reachability problem is decidable.

In this context, the notions of bisimulation and simulation equivalence play a central
role. In fact, similar and bisimilar hybrid automata are not distinguishable by reachability
properties. Hence, families of hybrid automata whose members can be reduced to a finite
similar or bisimilar representative have a decidable reachability problem. In the rest of
this subsection, we briefly survey known families of hybrid automata with a decidable
reachability problem, as well as results on undecidability.

2.1.3.1 Timed Automata

In timed automata [AD94], the continuous variables denote clocks. Clocks measure the
time elapsed and thus the continuous flow of these variables is described by ẋi = 1.
Furthermore, on the location switchings, clocks either maintain their value or are reset
to a constant. Formally, the definition of timed automata is given below:

Definition 2.6 (Timed Automaton)
A timed automaton is a hybrid automaton H = 〈L,E, X, Init, Inv, F,G, R〉 satis-
fying the additional conditions

• ∀x ∈ X the differential rule ẋ = 1 defines the flows of the xi in each location
l ∈ L

• for all discrete transitions (l, x) → (l′, x′): x′i = xi ∨ x′i ∈ [ai, bi] ⊆ R

Because of the simple continuous dynamics of timed automata it is possible to construct
a finite bisimulation of any timed automaton although it has exponentially many states.
Thus, the reachability problem for timed automata is decidable. Furthermore, the reach-
ability problem has been proved PSPACE-complete for timed automata [AD94].

2.1.3.2 Rectangular Automata

A generalization of timed automata are rectangular automata. Here, instead of having
clocks, the continuous variables xi are allowed to flow according to the flow conditions
ẋi ∈ Ii, where the Ii are arbitrary intervals in R with rational endpoints. Rectangles

I ⊆ Rn are given by I =
n∏

i=1

Ii. Furthermore, it is required, that the invariant and guard

conditions are also made in terms of rectangles. This condition ensures, that the values
of two continuous variables are never compared within guard conditions and location
invariants.
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Definition 2.7 (Rectangular Automaton)
A rectangular automaton is a hybrid automaton H = 〈L,E, X, Init, Inv, F,G, R〉
satisfying the additional conditions

• ẋ ∈ Iflow(l) where Iflow(l) is a rectangle

• for all discrete transitions e = ((l, x), (l′, x′)): x′i = xi ∨ x′i ∈ Ipost
i (e)

where the Ipost
i (e) are intervals.

• for all regions l ∈ L: Inv(l) = I inv(l) is a rectangle in Rn

• for all discrete transitions e ∈ E: G(e) = Iguard(e) is a rectangle in Rn

A rectangular automaton is initialized, if for each continuous variable xi and each
discrete transition (l, l′) = e ∈ E either the flows within l and l′ coincide or the
variable xi is reinitialized, i.e. x′i ∈ Ipost

i (e) for a given interval Ipost
i (e) ⊆ R.

An example for a rectangular automaton is the hybrid automaton for the heating con-
troller already being introduced. In each location, the continuous change of the system
variable x is constant and during discrete transitions this variable will not be changed.
Furthermore, the guard conditions and location invariants are made in terms of intervals.
However, the heating controller is not an initialized hybrid automaton, since this would
require x to be reinitialized during each discrete transition.

Initialized rectangular automata can be translated to timed automata, so that the
obtained timed automaton is timed bisimilar to the rectangular automaton. Thus, ini-
tialized rectangular automata are decidable with respect to reachability. A PSPACE-
complete complexity result holds also for the reachability problem of initialized rectan-
gular automata [HKPV98].

2.1.3.3 O-minimal Hybrid Automata

Another class of hybrid automata with known decidability results for the reachability
problem is the class of o-minimal hybrid automata. For the definition of o-minimal
hybrid automata consider a structure M = 〈R, <, ...〉 over the real numbers, whose
underlying theory Th(M) is the set of first order sentences that hold in M . A set
Y ⊆ Rn is called definable in the structure M if and only if there exists a first order
formula ψ(x1, ..., xn) such that Y = {(a1, ..., an) |M ² ψ(a1, ..., an)}. Then the structure
M is called o-minimal iff every definable subset of R is a finite union of points and
(possibly unbounded) intervals.

Definition 2.8 (O-minimal Hybrid Automaton)
A hybrid automaton H = 〈L,E, X, Init, Inv, F, G,R〉 is called o-minimal (order
minimal), iff

• for each location l, the smooth vector field F (l) is complete,

• for each (l, l′) ∈ E, the reset function R : E → Rn does not depend on
continuous variables (constant reset), and
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• for each l ∈ L and (l, l′) ∈ E, the sets Inv(l), R(l, l′), G(l), Init(l) and the
flow F (l, .) are definable in the same o-minimal structure.

Every o-minimal hybrid system admits a finite bisimulation. The computability of the
finite bisimulation depends on the o-minimal structure underlying its definition. In par-
ticular, positive results apply to the class of semi-algebraic o-minimal hybrid automata.

2.1.3.4 Undecidability Results

As stated in the subsections above, the families of timed automata, initialized rectangular
automata and o-minimal hybrid automata are decidable with respect to reachability.
However, even slight generalizations of these classes already yield undecidability results
for the reachability problem:

• If timed automata are extended so that skewed clocks with ẋi = ci ∈ R are consid-
ered, then the resulting hybrid automata are undecidable.

• Uninitialized rectangular automata are undecidable w.r.t. reachability.

• A closely related family to o-minimal hybrid automata is the class of fully o-minimal
automata, where the reset functions need not be constants any more but arbitrary o-
minimal functions. This relaxation of the conditions for the reset functions already
yields an undecidability result for the reachability problem.

2.2 Verification Tasks

When analyzing (hybrid) automata, the verification tasks can mostly be characterized
by the consideration of the following four classes of properties: safety properties, liveness
properties, persistence properties and fairness properties.

• Safety properties state that throughout any feasible run of the system some safety
constraint will always hold. Safety properties can be reduced to the reachability
problem, i.e. if unsafe states can be reached from the initial states.

• Liveness properties state that some properties can be eventually reached, no matter
what time is needed for to reach them.

• Persistance properties state that for any computation there will be a point of time
after which the persistance property will always hold.

• Fairness properties state that some properties will hold infinitely often.

In order to deal with the verification tasks related to safety, liveness, persistence and
fairness, several languages have been developed. One very expressive language is the
propositional µ-calculus that covers many other languages. A more readable and intu-
itive, but less expressive language is the language CTL. Both languages will be explained
in the sections below, assuring discrete and dense time frameworks.
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2.2.1 Lattice Theory

Lattice theory builds the theoretical background of the propositional µ-calculus. This
section gives a short overview of the definitions of lattices, monotonic and continuous
functions on lattices, and finally introduces the fundamental fixpoint-theorem of Tarski-
Knaster.

In order to give a formal definition of the notion of lattices, we first need to introduce
partial orders. A partial order on a set D is a relation v on D ×D, which satisfies for
x, y, z ∈ D

• reflexivity: x v x

• antisymmetry: x v y and y v x ⇒ x = y

• transitivity: x v y and y v z ⇒ x v z

If any two elements of D can be compared, i.e. for all x, y ∈ D either x v y or y v x
holds, the order is called a total ordering. For a subset M ⊆ D the element x ∈ D is
called an upper bound of M , iff for all m ∈ M , m v x holds. The element x is the
least upper bound, iff all other upper bounds x′ of M fulfill x v x′, and we then write
x = sup(M) (supremum of M). Lower bounds and greatest lower bound (inf(M)) or
infimum of M) are defined analogously. If sup(M) ∈ M or inf(M) ∈ M , they are called
maximal element respectively minimal element of the set M .

We are now ready to formally define the notion of complete lattices.

Definition 2.9 (Complete Lattice)
Let D be a partial ordered set. D is called a complete lattice, iff all M ⊆ D have
sup(M), inf(M) ∈ D. inf(D) and sup(D) are called the bottom and the top of D,
and are denoted by ⊥ and >.

An example of a complete lattice is (N ∪ ∞,≤). Moreover, any finite set D endowed
of a total ordering v forms a complete lattice. Other examples are the set of functions
f : D → E with an ordering defined by pointwise comparison of the function values, i.e.
f v g :⇔ ∀d ∈ D : f(d) v g(d). This construction of a lattice will be useful in the next
section.

Definition 2.10 (Monotonicity and Continuity)
Let (D,vD) and (E,vE) be complete lattices and let f : D → E.

• f is called monotonic iff x vD y ⇒ f(x) vE f(y)

• f is called continuous iff for every directed set M 6= ∅ it holds f(sup(M)) =

sup(f(M)) and f(inf(M)) = inf(f(M))

The relation between monotonic and continuous functions is characterized by the follow-
ing lemma.
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Lemma 2.1
Let (D,vD) and E,vE be complete lattices and let f : D → E. Then:

• If f is continuous, it is also monotonic. The converse is not true.

• If D is finite and if f is monotonic, then f is also continuous.

Proof
see [Sch04] q.e.d.

An element x ∈ D is called fixpoint of the function f : D → D, iff f(x) = x, i.e. the
application of the function f on x does not have an effect. If fixpoints exist, the smallest
fixpoint is denoted by µx.f , and the greatest fixpoint by νx.f . It is obvious, that not every
function has fixpoints. However, as shown in the fixpoint theorem of Tarski-Knaster, any
monotonic function over complete lattices has fixpoints. Moreover, the theorem states
an iteration procedure which converges to greatest and smallest fixpoint. However, only
when the lattice is finite, it can be guaranteed that the fixpoint iterations for greatest
and smallest fixpoints stop after a finite number of iteration steps.

Theorem 2.2 (Tarski-Knaster Fixpoint Theorem)
Let D be a complete lattice. Then every monotonic function f : D → D has
fixpoints. The smallest fixpoint of f can be obtained by µx.f(x) := sup{fn+1(⊥)|n ∈
N}. The greatest fixpoint of f can be obtained by νx.f(x) := inf{fn+1(>) |n ∈ N}.

Proof
see [Sch04, Tar55] q.e.d.

2.2.2 CTL and µ-Calculus on Discrete and Continuous Time
Systems

When dealing with temporal logics for the specification, it is very important to distinguish
between the analysis of discrete-time systems, e.g. processors, and the verification of
systems endowed of some continuous dynamics, e.g. a hybrid system. In the discrete time
framework there always exists a clearly defined next point of time. Thus it makes sense
to define temporal operators as the so-called next-operator X with the interpretation,
that Xφ is true if and only if at the next point of time (i.e. in the next state of the
transition system) φ holds.

In the continuous-time framework, however, this is not the case. In fact, during the
continuous changes of the system, there exists no specified next point of time, since R+

is a dense set. For these reasons, syntax and semantics of CTL temporal logic and µ-
calculus vary slightly in the cases of discrete-time and continuous-time framework, as
outlined in the next subsections.
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2.2.2.1 CTL on Discrete Time Systems

The main components of the temporal logic CTL for discrete time systems are besides of
the usual propositional operators ¬,∨,∧ the operators X and U and the path-quantifiers
E and A. Xφ defines the property that φ is true at the next point of time. φUψ describes
the property, that until the first point of time when ψ holds, φ also holds. While these
properties are checked for specified paths, formulas of the form Eφ denote all states,
where a path starts, which satisfies φ and Aφ denotes exactly the states q ∈ Q, where
all paths starting in q satisfy the condition φ.

Definition 2.11 (CTL )
Let AP be a finite set of propositional letters and let p ∈ AP . Then the language
CTL is defined by

φ := p | ¬φ | φ1 ∨ φ2 | φ1 ∧ φ2 | EXφ| AXφ| E(φ1Uφ2)| A(φ1Uφ2)

The semantics of CTL is recursively defined by the following rules on labeled transition
systems.

Definition 2.12 (Semantics of CTL )
Let AP be a set of propositional letters, let φ, ψ ∈ CTL, let T = 〈Q,Q0, l→ →〉 be
a labeled transition system, let s be a state of T and let lAP : Q → 2AP . Then the
semantics T ² φ of a formula φ ∈ CTL is recursively defined by:

• φ ∈ AP : s ² φ iff φ ∈ lAP (s)

• s ² ¬φ iff s 2 φ

s ² φ ∨ ψ iff s ² φ or s ² ψ

s ² φ ∧ ψ iff s ² φ and s ² ψ

• s ² EXφ iff there exists a transition s → s′ in T with s′ ² φ

s ² AXφ iff for all transitions s → s′ in T it holds s′ ² φ

• s ² E(φUψ) iff there exists a run ρ starting in s = ρ(0) and n ∈ N with
corresponding points of time tn satisfying

ρ(tn) ² ψ and ∀0 ≤ k < n : ρ(tk) ² φ

s ² A(φUψ) iff for all runs ρ starting in s = ρ(0) there exists an n ∈ N with
corresponding points of time tn satisfying

ρ(tn) ² ψ and ∀0 ≤ k < n : ρ(tk) ² φ

T is a model for φ, iff all initial states Q0 model φ.
Short: T ² φ iff ∀s ∈ Q0 : s ² φ
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2.2.2.2 µ-Calculus on Discrete Time Systems

The propositional µ-calculus was first developed in 1983 [Koz83], after it had been shown,
that important properties like termination and totality of programs cannot be expressed
in first order logics used so far. Because of this reason, fixpoint operators were introduced.
The main components of the µ-calculus are - besides of the propositional operators ¬,∨
and ∧ - the modal operators ¤ and ♦, which directly correspond to AX and EX in the
temporal logic CTL (except for finite paths). Given a discrete time system the formula
¤φ holds true for a state, iff all possible successors of the state fulfill φ. Analogously, ♦φ
holds true, if at least one successor fulfills the property φ. The fixpoint operators denote
smallest and greatest fixpoint of states satisfying φ. Formally, the language Lµ is defined
as follows:

Definition 2.13 (The Language Lµ)
Let AP be a finite set of propositional letters,let p ∈ AP and let T = 〈Q,Q0, l→,→〉
be a labeled transition system. Then the set of µ-calculus pre-formulas is defined
by the following syntax:

φ := p | ¬φ | φ1 ∨ φ2 | φ1 ∧ φ2 | ♦φ |¤φ | µZ.φ | νZ.φ

The set Lµ of µ-calculus formulas is defined as the subset of pre-formulas, where
each subformula of the type µZ.φ and νZ.φ satisfies that all occurrences of Z in φ

occur under an even number of negation symbols.

In µ-calculus, the semantics assigns for a discrete time system T = 〈Q,Q0, l→,→〉 to each
formula φ ∈ Lµ exactly the set JφK ⊆ Q of states satisfying the formula. This assignment
is done recursively on the structure of the µ-calculus formulas:

Definition 2.14 (Semantics of formulas in Lµ)
Let AP be a set of propositional letters, let T = 〈Q,Q0, l→,→〉 be a labeled transition
system and let lAP : Q → 2AP . Then the semantics JφK : Q → {0, 1} of a formula
φ ∈ Lµ is recursively defined by:

• φ ∈ AP : JφK(q) = 1 iff φ ∈ lAP (q)

• J¬φK := ¬JφK
Jφ ∨ ψK := JφK ∨ JψK
Jφ ∧ ψK := JφK ∧ JψK

• J♦φK(q) = 1 iff ∃a ∈ l→∃q′ ∈ Q : q
a→ q′ ∧ JφK(q′) = 1

J¤φK(q) = 1 iff ∀a ∈ l→∀q′ ∈ Q : q
a→ q′ ⇒ JφK(q′) = 1

• The fixpoint operators are defined in the following way:
Let [φ]ψZ be the formula obtained by replacing all occurrences of Z with ψ.
Given a fixpoint formula σZ.φ with σ ∈ {µ, ν} its k-th approximation apxk(σZ.φ)

is recursively defined as follows:
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apx0(µZ.φ) := 0 and apxk+1(µZ.φ) := [φ]
apxk(µZ.φ)
Z

apx0(νZ.φ) := 1 and apxk+1(νZ.φ) := [φ]
apxk(νZ.φ)
Z

Then smallest and greatest fixpoints JσZ.φK are defined by

– smallest fixpoint: JµZ.φK :=
∨

k∈N
Japxk(µZ.φ)K

– greatest fixpoint: JνZ.φK :=
∧

k∈N
Japxk(νZ.φ)K

T is a model for φ, iff for all initial states q0 ∈ Q0 it holds JφK(q0) = 1.
Short: T ² φ :⇔ JφK(Q0) = 1

The fixpoint operations defined in Definition 2.14 are well-defined since the fixpoint
theorem of Tarski-Knaster (Theorem 2.2) can be applied. To this end, define the total
order 0 v 1 on {0, 1} for functions f, g : Q → {0, 1} the partial order f v g by pointwise
comparison: f v g iff for all q ∈ Q it holds f(q) v g(q). Then the functions f : Q →
{0, 1} together with the partial order v form a complete lattice with fmin := 0 (denoting
the emptyset) and fmax := 1 (denoting the complete state space Q) as minimal and
maximal element. By the fixpoint theorem of Tarski-Knaster every continuous function
γ : (Q → {0, 1}) → (Q → {0, 1}) has fixpoints, and the least and greatest fixpoint can
be achieved by the iteration starting in fmin respectively fmax. However, the negation
is not monotonic and thus not a continuous function. This is the reason why in Lµ all
occurrences of a bound variable in a fixpoint formula have to be positive, i.e. have to
occur after an even number of negations. This condition suffices to guarantee, that the
functions are continuous. See therefore also [Sch04]. If the state space of T is finite,
then the fixpoint operations stop after a finite number of iteration steps and σZ.φ with
σ ∈ {µ, ν} can also be characterized by JσZ.φK := Japxk̂(µZ.φ)K for some suitable k̂ ∈ N.

In Definition 2.14 one can easily see, that some of the operators are redundant:

• φ ∨ ψ = ¬(φ ∧ ψ)

• ¤φ = ¬(♦¬φ)

However, this syntactic sugar makes the formulas more readable.
In discrete time systems the propositional µ-calculus is stronger than CTL, since every

CTL -formula can be translated into an equivalent µ-calculus formula. The equivalence
of the propositional operators {¬,∨,∧} and the next-operators EX and AX to ♦ and
¤ is obvious and for infinite paths the translation of the U operators is given by:

• T ² E(φUψ) iff T ² µZ.ψ ∨ φ ∧ ♦Z

• T ² A(φUψ) iff T ² µZ.ψ ∨ φ ∧¤Z

Furthermore, it can be shown that the language Lµ is strictly more expressive than CTL .
With CTL for example it is not possible to describe the properties of the form that some
conditions hold alternatingly true, when the alternation depth is not defined beforehand.
A more detailed example will be given in section 2.2.2.3 below.
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2.2.2.3 CTL and µ-Calculus on Hybrid Automata

The definitions for CTLand Lµ for discrete time systems described in the previous section
are not completely compatible with the description of properties on systems endowed
also of continuous-time dynamics as hybrid automata. While the propositional operators
{¬,∨,∧} and the fixpoint operators µZ.φ and νZ.φ can be translated in a one to one
correspondence, this is not the case for the modal operators ¤, ♦ of Lµ and the temporal
operators {X,U} of CTL . While the semantics for the temporal operator U can be
redefined without too many problems in the presence of continuous dynamics, this is
not the case with the next-operators. In fact, in the continuous-time framework there
does not exist a clearly defined next point of time and the natural interpretation of the
next-operators is not possible any more. In [GSM07] it has been proposed to simply omit
the X-operator in the syntax of CTL for hybrid automata. Other sources propose for Lµ

to redefine ¤ and ♦, such that it does not mean ’at the next point of time’ any more but
’after one transition’, not regarding if this is a continuous transition of arbitrary length
or a discrete one. Furthermore, in order to distinguish between continuous and discrete
transitions these operators are divided (in a modal splitting) into their subparts [a]φ and
〈a〉φ with a ∈ {e, δ}, where a state q fulfills [a]φ if and only if all a→ successors fulfill φ
and it fulfills 〈a〉φ iff at least one a→successor fulfills φ.

However, although this interpretation of the modal operators is a quite natural one,
it has the main disadvantage, that the until-operator (interpreted on a continuous-time
framework) cannot be encoded by fixpoint operators and modal operators (see example
2.3).

One way to overcome this problem is simply to add the U-operator to the basic
operators of Lµ for hybrid automata. This naturally guarantees that Lµ is more expressive
than CTL also in presence of continuous-time framework (see example 2.4).

Definition 2.15 (The Language Lµ for Hybrid Automata)
The set of µ-calculus preformulas for a set of labels a ∈ {e, δ} and propositions
p ∈ AP is defined by the following syntax:

φ := p | ¬φ | φ1 ∨ φ2 | φ1 ∧ φ2 | 〈a〉φ | [a]φ | E(φ1Uφ2) | A(φ1Uφ2) | µZ.φ | νZ.φ

The set Lµ of µ-calculus formulas is defined as the subset of pre-formulas, where
each subformula of the type µZ.φ and νZ.φ satisfies that all occurrences of Z in φ

occur under an even number of negation symbols.
Consider a hybrid automaton H and its timed and time abstract transition systems
T t

H and TH . Let lAP : Q → 2AP , where AP is a set of propositional letters, and let
p ∈ AP .
The semantics of µ-calculus formulas JφK : Q → {0, 1} on H is given by the
following rules:

• φ ∈ AP : JφK(q) = 1 iff φ ∈ lAP (q)

• J¬φK := ¬ JφK and Jφ ∨ ψK := JφK ∨ JψK and Jφ ∧ ψK := JφK ∧ JψK
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• JE(φUψ)K(q) = 1 iff there exists a run q = q1
a1→ ...

an→ qn in T t
H with

ai ∈ {e} ∪R+ satisfying the following properties:

– JψK(qn) = 1

– for 1 ≤ i < n: JφK(qi) = 1

– for ai ∈ R+: all states q′ being traversed according to the continuous flow
qi−1 Ã qi given by fi : [0, ai] → Rn (Definition 2.2) satisfy JφK(q′) = 1

JA(φUψ)K(q) = 1 iff for all runs starting in q there exists a representation
q = q1

a1→ ...
an→ qn

an+1→ ... in T t
H with ai ∈ {e} ∪R+ which satisfies:

– JψK(qn) = 1

– for 1 ≤ i < n: JφK(qi) = 1

– for ai ∈ R+: all states q′ being traversed according to the continuous flow
qi−1 Ã qi given by fi : [0, ai] → Rn (Definition 2.2) satisfy JφK(q′) = 1

• J〈a〉φK(q) = 1 iff ∃q a→ q′ : JφK(q′) = 1

J[a]φK(q) = 1 iff ∀q a→ q′ : JφK(q′) = 1

• The fixpoint operators are defined in the following way:
Let [φ]ψZ be the formula obtained by replacing all occurrences of Z with ψ.
Given a fixpoint formula σZ.φ with σ ∈ {µ, ν} its k-th approximation apxk(σZ.φ)

is recursively defined as follows:

apx0(µZ.φ) := 0 and apxk+1(µZ.φ) := [φ]
apxk(µZ.φ)
Z

apx0(νZ.φ) := 1 and apxk+1(νZ.φ) := [φ]
apxk(νZ.φ)
Z

Then smallest and greatest fixpoints JσZ.φK are defined by

– smallest fixpoint: JµZ.φK :=
∨

k∈N
Japxk(µZ.φ)K

– greatest fixpoint: JνZ.φK :=
∧

k∈N
Japxk(µZ.φ)K

H is a model for φ, iff for all initial states JφK(q0) = 1.
Short: H ² φ :⇔ JφK(Q0) = 1

Example 2.3 illustrates, that unlike in the discrete-time framework the until-operators
A(φUψ) and E(φUψ) cannot be encoded by fixpoints and modal operators when dealing
with hybrid automata and in Lemma 2.3 it will be shown, that in the context of hybrid
automata it is not possible to encode the temporal operator U by fixpoints and modal
operators.
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ẋ = 1

l0

Figure 2.6: Counterexample for H |= µZ.ψ ∨ φ ∧ ♦Z ; H |= E(φUψ)

Example 2.3
Take the simple hybrid automaton of Figure 2.6 consisting only of one location
where the variable x increases linearly in time. Let the initial state be 0.
Let φ := (x < 2) and ψ := x = 3. Then

• H 2 E(φUψ): obvious

• H ² µZ.ψ ∨ φ ∧ (〈e〉Z ∨ 〈δ〉Z):
Japx0(µZ.ψ ∨ φ ∧ (〈e〉Z ∨ 〈δ〉Z))K(r) = 1 for r ∈ {(l0, 3)}
Thus Japx1(µZ.ψ ∨ φ ∧ (〈e〉Z ∨ 〈δ〉Z))K(r) = 1 for r ∈ {l0} × ([0, 2) ∪ {3})
since in the time abstract transition system TH for all 0 ≤ x < 2 there exists
a transition x

δ→ 3.

This shows, that the CTL -formula E(φUψ) cannot be translated in a µ-calculus
formula like in the discrete-time framework.

Lemma 2.3
In the setting of hybrid automata the language Lµ with the temporal operators
E(φUψ) and A(φUψ) is strictly more expressive than Lµ without these operators.

Proof
To prove the claim it suffices to give one example, where it is not possible for any µ-
calculus formula without the temporal operator U to model the formula E(φUψ) or
A(φUψ). Consider therefore again the hybrid automaton of the previous example
given in Figure 2.6. Define the two propositional letters φ and ψ by

• φ := x ∈ [2, 3)

• ψ := x ∈ N

Then, the formulas E(φUψ) and A(φUψ) both are true for the states {(l, x) | x ∈
[2, 3] ∪N}.
It is possible to transform any µ-calculus formula without temporal operators to
an equivalent formula without greatest fixpoints and ∧, where the modal operators
[δ] and 〈δ〉 only occur directly before φ and ψ. Translating propositional operators
and fixpoints to set-operations yield:
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¬ ∼= R+\ and ∨ ∼= ∪ and µ ∼= ⋃
n∈N

Together with the fact that ∅ and R+ represent the propositional letters 0 and 1,
this yields that the subsets of R+, which can be encoded via µ-calculus formulas
over the atomic propositions φ and ψ, are sets of the σ-algebra1 generated by
{φ, ψ, an...a1φ, an...a1ψ | n ∈ N, ai ∈ {〈δ〉, [δ]}}. Using the fact that in this
example it holds

1. R+ = 〈δ〉ψ = 〈δ〉〈δ〉ψ = [δ]〈δ〉ψ

2. ∅ = [δ]ψ = 〈δ〉[δ]ψ = [δ][δ]ψ

3. [0, 3) = 〈δ〉φ = 〈δ〉〈δ〉φ

4. ∅ = [δ]φ = 〈δ〉[δ]φ = [δ][δ]φ = [δ]〈δ〉φ

this yields that the subsets of R+, which can be encoded by µ-calculus formulas
without the temporal operator U, are in the σ-algebra

σ({φ, ψ, an...a1φ, an...a1ψ | n ∈ N, ai ∈ {〈δ〉, [δ]}}) =

σ({φ, ψ, 〈δ〉φ, [δ]φ, 〈δ〉ψ, [δ]ψ}) = σ({∅, [0, 3),R+}) = {∅, [0, 3), [3,∞),R+}

Since [2, 3]∪N /∈ {∅, [0, 3), [3,∞),R+} for this example it is not possible to encode
the formulas E(φUψ) and A(φUψ) by any µ-calculus formula without the temporal
operator U.
This yields the claim. q.e.d.

The next example shows, that Lµ defined for hybrid automata as given in Definition 2.15
really is more expressive than the corresponding definition of CTL for hybrid automata.

Example 2.4
Consider the following formula describing the set of states having paths satisfying
alternatingly with arbitrary alternation depth that either φ1 is true or φ2Uφ3 holds:

ϕ := µZ.φ3 ∨ (E(φ1U(E(φ2UZ))))

1 σ-algebra:
Let Ω be a non-empty set. Then A ⊆ 2Ω is called a σ-algebra iff

• Ω, ∅ ∈ A,

• A ∈ A ⇒ Ω \A ∈ A, and

• A1, A2, ... ∈ A ⇒ ⋃
n∈N

An ∈ A

Let C ⊆ 2Ω. Then, the smallest σ-algebra containing C is called the σ-algebra generated by C and is
denoted by σ(C).
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Because of the built-in alternation of arbitrary length, ϕ cannot be described by
pure CTL formulas since by unwinding the formula, it is only possible to produce
formulas for finite fixed alternation depths. The exact translation would yield the
infinite union

∨
k∈N

apxk(µZ.φ3 ∨ (E(φ1U(E(φ2UZ)))))

which is not allowed in CTL and cannot be transformed in a finite formula since
for all k ∈ N there exist examples, where H ² apxk(µZ.φ3 ∨ (Eφ1U(E(φ2UZ))))

but not H ² apxk−1(µZ.φ3∨ (Eφ1U(E(φ2UZ)))). Thus, Lµ is more expressive than
CTL .

2.3 Three-valued Logic
Three-valued logic has been applied in many areas of computer science like [SS07,
RSW04]. Usually, three-valued logics are applied, if the underlying problems cannot
be solved by using the normal boolean logic, e.g. if the problems are proven to be
undecidable or too complex.

While the original two-valued boolean logic is based on the truth values 1 and 0 the
three-valued logic provides an additional truth value, denoted by ⊥. The truth-value
⊥ allows one to express that there exists not enough information to assign one of the
original truth values 1 and 0.

Another meaning of the truth value ⊥ occurs when dealing with abstractions of hybrid
automata. Here, usually infinitely many states of the underlying time abstract transition
system are considered are combined to one abstract state. So, in this setting it is possible,
that in one abstract state there exist both points satisfying some given condition φ and
not falsifying the same condition. In this case, even if one has complete knowledge of
the behavior of this abstract state, it is not possible to assign either the truth value 1 or
0 to this abstract state, so ⊥ will be assigned.

φ(s) =





1 s fulfills φ
0 s does not fulfill φ
⊥ it can neither be proven nor disproven that s fulfills φ

In analogy to the two-valued boolean logic, negation, disjunction and conjunction can
be performed in the three-valued setting as shown in the following tables. In the rest of
the thesis, the three-valued operations will be denoted by ¬3, ∨3 and ∧3.

φ ¬3φ

0 1

⊥ ⊥
1 0

∧3 0 ⊥ 1

0 0 0 0

⊥ 0 ⊥ ⊥
1 0 ⊥ 1

∨3 0 ⊥ 1

0 0 ⊥ 1

⊥ ⊥ ⊥ 1

1 1 1 1
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2.4 Basics of Computer Algebra
In this section, we introduce some basic notions of computer algebra like the concept
of Gröbner bases. Exhaustive introduction to these topics can be found in textbooks
like [PG02]. The standard notions required in this section will be extensively used in
Chapter 3 of the thesis, exploring connections between computer algebra and automated
reasoning on hybrid automata.

Definition 2.16 (Polynomial Ring over R)
The polynomial ring over R is defined as

R[x] := R[x1, ..., xn] = {∑
α∈A

cα · xα1
1 · ... · xαn

n | cα ∈ R, A ⊂ Nn finite}

where:

• xα := xα1
1 · ... · xαn

n is called a monomial in x1, ..., xn with exponent vector
α ∈ Nn,

• |α| := α1 + ... + αn is the degree of the monomial xα,

• Mon(x) := {xα|α ∈ Nn},

• given a polynomial f =
∑

α∈A, cα 6=0

cα · xα1
1 · ... · xαn

n , then cαxα is called a term

of f and cα the coefficient of xα. The degree of f is defined by deg(f) :=

max{|α| | α ∈ A, cα 6= 0}.

Definition 2.17 (Ideal)
Let R[x] be the polynomial ring over R and I ⊆ R[x]. Then I is called an ideal iff

• ∀a, b ∈ I : a + b ∈ I, and

• ∀r ∈ R[x], a ∈ I : r · a ∈ I holds.

Notation: I ER[x]

〈p1, ..., pk〉 = {
k∑

i=1

qi ·pi |qi ∈ R[x]} is the ideal generated by p1, ..., pk, i.e. 〈p1, ..., pk〉
is the smallest ideal containing {p1, ..., pk}.

Theorem 2.4 (Hilbert’s Basis Theorem)
All ideals I ER[x] are finitely generated, i.e. for all ideals I there exist generators
p1, ..., pk in R[x] s.t. I = 〈p1, ..., pk〉.

A fundamental problem in computer algebra is given by the so-called ideal membership
problem, asking, whether a given polynomial lies within an ideal I E R[x]. The idea to
solve this problem is to define a kind of normal form of polynomials w.r.t. the given ideal
I. Ideally, this normal form should be unique and tell, whether a polynomial lies within
I or not. Such a normal form can be achieved by Gröbner bases techniques. In order
to formally introduce the concept of normal forms, first monomial orderings need to be
defined:
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Definition 2.18 (Monomial Ordering)
A monomial ordering on R[x] is a relation > on Mon(x) which satisfies the follow-
ing

• > is a total ordering on Mon(x).

• > is multiplicative , i.e. xα > xβ implies xα · xγ > xβ · xγ.

• > is a well-ordering, i.e. ∀α ∈ Nn : xα > 1.

Let > be a monomial ordering and f =
∑
α∈A

cα·xα ∈ R[x] and let xα0 = max{xα|α ∈ A, cα 6= 0}.
Then, the leading monomial, the leading term and the leading coefficient of f are
defined by

• lt(f) := cα0x
α0 is the leading term of f .

• lm(f) := xα0 is the leading monomial of f .

• lc(f) := cα0 is the leading coefficient of f .

Moreover, if lt(f) = 1 then the polynomial f is called monic.
Finally, > is an elimination ordering on Mon(x1, ..., xn, y1, ..., yn) w.r.t. x iff
lm(f) ∈ R[y] ⇒ f ∈ R[y].

Remark 2.2
The following are the most important examples for monomial orderings:

• lexicographic order (w.r.t. x1 > x2 > ... > xn)
xα >lp xβ :⇔ ∃s α1 = β1, ..., αs−1 = βs−1, αs > βs

• graded lexicographic order
xα >Dp xβ :⇔
|α| > |β| or (|α| = |β| and ∃s such that α1 = β1, ..., αs−1 = βs−1, αs > βs)

• graded reverse lexicographic order
xα >dp xβ :⇔
|α| > |β| or (|α| = |β| and ∃s such that αn = βn, ..., αs+1 = βs+1, αs > βs)

The lexicographic order with x1 > ... > xn is moreover an elimination ordering
w.r.t. {x1, .., xk | k < n}.

The next step is to define a normal form of a polynomial q w.r.t. to a given ideal
I E R[x]. Ideally this normal form should be zero iff q ∈ I. So we first of all need to
define a reduction relation. A canonical way to defining it is via multivariate division
with remainder.
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Definition 2.19 (Normal Form & Reduction Relation)
Let > be a monomial ordering on R[x], let q =

∑
cα · xα be a polynomial in R[x]

and I = {p1, ..., pk} ⊂ R[x]. The polynomial q can be reduced by a polynomial
p ∈ I iff lm(p) divides a term c · t of f . The reduction f

p→ f ′ has the form:
f ′ = f − c·t

lt(p)
p. When no reduction with polynomials in I can be done, f has a

normal form. NFI(f)) denotes a normal form of f , i.e. f is fully reduced by I.

Remark 2.3
The normal form of a polynomial w.r.t. to a given ideal I is not uniquely deter-
mined. Example:
Let I = 〈x2 + x, x2 − x〉. Then:

• x3 x2+x→ −x2 x2+x→ −x is in normal form.

• x3 x2+x→ −x2 x2−x→ +x is in normal form.

Changing now the generators yields: I = 〈x2 + x, x2 − x〉 = 〈2x〉 = 〈x〉, so the
normal form of x3 w.r.t. I = 〈x〉 would obviously be zero.
Taking special generators of the ideal, the so-called Gröbner basis one can assure
that the normal form will be unique.

Definition 2.20 (Leading Ideal)
Let I ER[x] and let > be a monomial ordering. Then:
The leading ideal of I w.r.t. to > is defined by

L(I) := L>(I) := 〈lt(p) | p ∈ I〉

i.e. L(I) is the ideal generated by the leading terms of I.

As can be seen in Remark 2.3, the normal forms of a polynomial q w.r.t. a given ideal
I ER[x] are not unique. This problem can be dealt with by introducing Gröbner bases.

Definition 2.21 (Gröbner Basis)
A finite subset G = {p1, ..., pk} of I ER[x] is called a Gröbner basis for I w.r.t. >

iff L(I) = 〈lt(p1), ..., lt(pk)〉.
Equivalently: for each f ∈ I\{0} there is an element p ∈ G s.t. lt(p) | lt(f)

A Gröbner basis G is reduced iff

• 0 /∈ G,

• for f, g ∈ G, f 6= g: lm(f) 6 | lm(g),

• all elements in G are monic,and
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• for all f ∈ G the tail f − lt(f) of f is reduced wrt G.

Unlike arbitrary bases of ideals I E R[x], Gröbner bases ensure the property that the
normal form of any polynomial q ∈ R[x] w.r.t. I is uniquely determined. Thus, the
ideal membership problem reduces to the question, whether the normal form of the given
polynomial is equal to zero. These important facts are summarized in the following
theorem:

Theorem 2.5
Let I ER[x] and let > be a monomial ordering. Then:

• There exists a reduced Gröbner Basis G of I.

• G is uniquely determined.

• 〈G〉 = I.

• The normal form w.r.t. G is uniquely defined.

• f ∈ I ⇔ NFG(f) = 0.

• Let f and g be polynomials. Then:
NFG(f + g) = NFG(NFG(f) + NFG(g)) = NFG(f) + NFG(g).

Proof
see e.g. [PG02]

Remark 2.4
Gröbner bases depend on the chosen ordering. The ordering also influences the
speed of computations, since computing Gröbner bases w.r.t. some orderings is
faster than w.r.t. to other orderings. One way to compute the Gröbner basis of an
ideal is Buchberger’s algorithm, shown below.

Based on the results stated in Theorem 2.5, Buchberger developed an algorithm [Buc76],
which determines the Gröbner basis of a given ideal. The Buchberger algorithm (Algo-
rithm 1) is a generalization of the Gaussian elimination and the Euclidean algorithm.
Today, often variants of the algorithm are used, which usually work faster than the
original algorithm [Fau99].
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Algorithm 1: Buchberger’s Algorithm
input : I = 〈p1, ..., pk〉ER[x], a monomial ordering >

output: A Gröbner basis G of I w.r.t. >

begin1

G := 〈p1, ..., pk〉2

P := {(pi, pj) | 1 ≤ i < j ≤ k}3

while P 6= ∅ do4

Choose (f, g) ∈ P5

P := P \ (f, g)6

xα := lm(f); xβ := lm(g)7

xγ := lcm(xα, xγ) /* lcm is the least common multiple */8

h(f, g) := lc (g) · xγ−α · f − lc (f) · xγ−β · g9

h := NFG(h(f, g))10

if h 6= 0 then11

P := P ∪ {(h, g) | g ∈ G}12

G := G ∪ {h};13

return G14

end15


