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Supervisor Synthesis using SAT-Solvers

1 Introduction

Nowadays, mbeddedsystemsfound their way to almost any of modern society's nooks and
crannies. Regarding this situation as weltlses technical nature of those systeitisee of
their basic characteristitmve an substantiaifluenceon any field concerned with them

i) Embeded systems amgide-spread
i) Within individual areas of application, they arsuallymassproduced.
iii) Within many fields, embedded systeare consideredafety-critical .

From these characteristics high demandson safety, reliability and imilar quality
characteristics arise, whichreak down to functional quality requirements single
componentaunder a more precise l0oRs a (dynamic) failurecan only occur due to the
presence oét least one (static) errathe only way to achieve failuffeee system behaviour
is anerrorfree developmentf the entire system

Error-free development of embedded systemparticularly softwaréntensive ones in
practice has turned out to confront affected organizations with a serious chéllenge
Regardingsystems' scale as well as their intrinsic complexsitgting arespective guantee
seems impossibland the expense of quality assurance makes up the major pae of th
all-over development costs bpw [2].

Modern quality assurance mainly bases diifferent techigues of testing as well ason
processes aligned with quaktgntric paradigmf2]. Yet, there are scenarios longing for
complete statementegardingthe correctness of the respective modaled thus rise the
need for techigues based on formdkeduction2,3].

Not only when forced by external standariigt whenever the units under consideration lend
themselves topply formal techniques within a feasilbdenount of effortthesetechniques
are to be privileged to deploy as quality assuring omegs

Formal deduction on a system denotes the appliance of mathematical techniques on its
formal mode] thusmaking it possible to deriveound and complete statements concerning

its compliance to some predefined specifmatiAccording to thiglefinition, the success of
applying formal deduction to a system depesiiienglyon its models availablén case of
embedded systemthje structure known aStateTransitionSystenposes onef the most
commonmodelsappliedthroughoutmajorparts of thedevelopment processd- as it is of a

pure fornal nature- has proveras a welsuited basis foformal deduction

When talking about embedded systems in a formal way, they are usually classified as
ReactiveSystemswvhose role is not to produce an outmn termination, but rather to
maintain an ongoing ietaction with their environmefi26]. Modelling ReactiveSystemss
considered as a walinderstood and mature domain, as it bases on automata theory and has
been studie@xtensivelywithin different felds of research over decades. There are several



languages, theorems and algorithms around which pose a solid base for adequate reasoning.
In the following, the term 'system'ised as a synonym for 'Reactsgstem'.

Theevolution of researchhows ondechniqueas the most popular representative regarding
formal deduction on Reactive Systemigtddel Checking.

Given a specificatio® and some modél, Model Checking denotes the process of checking
whetherM is a model of. In sense of Reactiv&ystemsM is usually stated as some kind of
StateTransitionSystem which is meant to behave accordinB.tds "behaviour" stands for
some dynamic process over tineis typically expressed using temporal logics in the form
as ithas been proposed by Pnyélior any of its adaptations.

It was the introduction oSymbolicModel Checking(SMC)[9,10,11,13 which pushed the
capabilities of ModelChecking forReactiveSystems by that fait got feasible for industry.

This is achieved by encoding the underlying system as well as its respective behavior by
propositional formulaeOperating on the model is thus reduedficiently to propositional
reasoning. Thefficiencyof this approachiependstronglyon the underlying datstructue.

By the introduction of SMC, the structure of choice was a declssed trestructure
known asBinary Decision Diagram(BDD) [13,14, which brought along some attractive
characteristics as it is outlined later in this thesis.

Immediately after itsintroduction, SymbolidModel Checking was applied to industrial
scenarios with greaucces [15,16,17. Nowadays, the technique is integrated within almost
any development process concerned with safetgritical systems Furthermore, its
capabilities kep extending by ongoing intensive research.

Besides its limitations in terms of space and time, M@talckingholds in general a
restriction with regard to practical applianoeindustry It does not contribute to the design
of the evaluated system in arstructive way. The only feedback reaching beyond the
automated decision of the system'seomess is the generation of courdgamples in cases
of negative outcomes

This general drawback in mind, Modehecking has been generalized to not only
investgate the question "Does system A meet specification B?" but to also provide answers
to problems like Mowcan system A be modified to meet specification B?". This
generalization hamitially been posed around tiearly60's by Churci4] in the context b

digital circuits. By now, it has been transferred to models based on different atdte
time-spaces leading to a diversity of synonyms and modifications. In the following, it is
referred to by the term @upervisoiSynthesis

Supervisor Synthesis is nkwn to be considably harder to solve than
Model Checking[18,19,2Q. This gap of complexity is that wid¢he transfef5,6] of the
above mentionedymbolic methodlid not suffice to help this approach breaking olits
carcer scolas as it had foModel Checking.

As on one side the possibilities provided by Supenggmthesis still remain ighly
desirable to industry and, on the othdgdel Checking keeps on moving forward duettee
ongoing introduction of promising technologies, the businesgamisferring knowledge
between these twelatives is as interesting agverbefore.



Yet, recent approachethat aimedto close the gap between theory gmdctice pursue
anotherstrategy. Thegoncentraten formulating differentrestrictions tahe intial problem
in order to derive a tradeff between becoming applicable to rearld scenarios on one
side, and remaining reasonable powerful on the other. While Sotaamaetal.[22]
restrain thescope of the problery developing parts of the systdiskeletol manuallyand
thus havethe synthesizer to onlgeneratethe design ofthe sopredefined subproblems
(holeg, Pitermaretal.[24] restrict the expressivenes$ the specificatiodanguageto a
fragment resulting in specificatiorthat can be handled in polynomial timey already
known algorithms Both approaches have been appliedstenariosof reasonable size
leading to promisingesults[23,25.

So far,there are nattempts around that evaluate the usenoflerntechniques deployed
within the area ofModel Checking in respect to their potential use to Super@gathesis.
This is the first time these potentials are examined at a reasonable |de¢hibiHowever
this new approach doesict compete with the ones described abovefdct, it takes a
complementary position and providggnificantoptimizations to them.

This worknot only transferseveral cutting edge technigiesm SymbolicModel Checking
to SupervisoSynthesis but ab investigates their individual benefitstte latter Here the

main emphasis lies on these of modernSATSolversthat recently evolved tone of the
most innovative methodsuccessfullyused in ModelChecking.The so achievedeffects for

SupervisoiSynthesis areassessed by several experimeotmductedwithin the Averest
Framework [2].

The thesis is structured as follows: The next two chapters are intended to introduce the
underlying modelss well agelatedtheory.Sectiond represents the main part of the work.
There, several techniques are outlined and their transfer to Sup&yigbesis is discussed.

In Section5 the experiments are presented. Conclusive words can be foSaction6.






2 Supervisor Synthesis

2.1 Assumption s and Notation

For reasons of simplicitythis work focuses oiscrete Event Systemhese systemare
based on a discrete stajgace andeact(i.e. change thir current state) on the occace of
discreteevents In contrast taimed systemdhe resulting behavious thereby determined by
the order of the&vents only, abstractifgom any lag of time. This understanding of systems
results in the corresponding model to be chosen @mite) labelledtransitionsystent,
with

=(Q,1,L,4)
(finite) set of states

G

Q=

I € Q = set of initial states
Q

L = (finite) set of labels

ASQOXLXQ

A (possible infinitelsequence of pairs

T =<(qo,lo)(q1,1)(q2, 15) .. >
S.t.

(g l))EQ@xLfori=0
and (q;1l;,qi+1) €EAfori=0
and qq, €1

is referred to as eomputatiorof the systentr = (Q, I, L, A) and results in the corresponding
behaviourr =< qyq19q; ... >.

Consequethy, the semantie of a systemG can be described by the set of its possible
behavioursB(G) = {t | there exists a computation 7 of G resulting in 7} and - since each
specificationS can be seen as a set of behavidacs the main target of reactiv@/nthesis
formulates to derive a systafnsuch thaBB(G) = S.

In termsof the symbolic world, anodelis represented by

G =V, T)=(Q,1,L,A)
V; = (finite) set of state variables

a = boolean formula over V
s.t. F(a) denotes the characteristic function of |

V., = (finite) set of event variables

T = boolean formula over V, UV, UV}
s.t. F(T) denotes the characteristic function of A

Whereasach statg € Q and each labdl € L are mapped to assignmeaﬂ%s andc/l;/e for
the corresponding sets of variabl&s,andV,, respectively. There i@qi, lj, qk) € A if and
only if F(T) evaluates ta for A;> U Jl}’}? U Jlgi . This applies analogously t@ andI. V is

called thedomain V' theco-domain



In course ofthe currentsection, this bare model will get further extended to cope with
several peculiarities inherent to the domairredctive synthesi§.e. synthesis ofeactive
systems).

Furthermore, gecifications are assumed to be statetimear TemporalLogic (LTL) [7] as
those can be directly translated @eregularobjectiveq28] and thus are applicable to the
chosen modelThis decisionis not onlymotivated by the common trend reéfsearch, bualso
by the fact thait plays a major role irmost of other languagesncluding the industrial
standardPSL[27].

The MinePumpExample

This self-explanatoryexample is intended to illustrate the given model and its symbolic
interpretation.

L: = Methan increases and pump runs
L> = Methan increases and pump does not run

L3 = Methan does not increase and pump runs

Q = {OK, critical, explode}

I = (0K}

L= {Lll L2rL3}

A = {(0K, Ly, 0K), (0K, Ly, 0K), (OK, L,, critical), ...}



This explicit version of the system translates to the following symbolic representation:

i = Methan increases

p = Pump runs

IiAlp) iAp T

liAp
V = {q1, 92} T=[(tqAlqnlGalp) - (g atey]
a=1q,Aq, Allg Alg, AiATp) = (Iq) Ag))]
Ve = {i,p}

Allg Ag, AliAp) = (g Alg))]
AUgiAg, NiATp) = (g A gyl
AU g Agyninp) = (g A gy)]

A g A gz) = (g1 Al gy)]

T anda illustrate the use of propositional logic to speak about sets. In the remainder of the
thesis, boolean formulae are often used as a synonym for those sets whose characteristic
functions are represented by the respective boolean functions.

2.2 Basics

As alreag outlined in ®ctionl, SupervisoSynthesis came up as a generalization of
Model Checking.It is intended taautomaticallysynthesize a system (or at least pafts)
according to some specification, rather than to only check for its accordabe®usly,
SupervisoiSynthesis promises highly desirable opportunities to modwetastry Thus,
researchers all over the wordde franticallytrying to get this methd ready for practical
apgiance. First doubts about itgeneral practicability early raised due to the lack of efficient
algorithms and finally got confirmed by Pnueli and Rogth®@,20]. They provedhat the
problem's solution lie within 2EXPTIME-C by reducing the initial problem to a
(constructie) noremptiness check fdfrree Automata

First, the given specification igranslated toa Blchi automatondgz using the

tableaumethod28]. This step causes the first exponential blgw

To derivea corresponding tree automatety is further determinized to an equivalent
Rabinautomatomy according to the procedure of Saffa9]. After this second

blow-up, the final emptiness check is applied to the resultingausmmaton in a

constructive weg, i.e.the resulting system is synthesizethis check is performed.

Moreover, there are known scenarios that are proven to result at least in this runtime which
makes this worstase to not only the uppebut also to a lower bound in some cases.

As it will be shown below, ite fundamental causeof this high complexity are the
uncontrollability as well asthe unpredictabilityof the environment the system interacts
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with. Hence, the resulting computational problemsly affect those systems whose
behaviour is influened by their environment contiously. In contrast to
environmerdl-insensitive(closed systemsthose systemsare referred to aepen As this
work is motivated by systems that are strongly coupled to their environment, ¢fstenis
are neglectetiere However, this does not mean any loss of generality.

Beforetaking a closer look at the core of the prohl¢ine model introduced ineBtion2.1is
extendedo this new aspectherefore the set of eventariablesl, is partitionedinto two
subsets:

o~
Il

V. UV, with
V. = set of controllable variables
V,, = set of uncontrollable variables

Eventstriggered by thenvironment are representedifyy whereas internal anduk
controllable events fall iff.. In terms of the MindPumpExample, this would mean:

Ve={ip}={3u{p} with V.={p} and V, ={i}

This extension reveals the parallels of Supen@athesis t@Game theoryln a classical
two-playergame, the environment takes on the role of pldyavhereas the actions of
playerB are chosen by the system itself. In the sense of games, Sup&yitgwsis
formulates to:

Is there a winningtrategy for player B (the system)?
If so, how does this strategy look like?

In this connectionthe initial specification of the systestates the winningonditionof the
respectivegame

This model has been ubas earlyas1969 by BilichandLandwebef30] to provide one of
the first algorithms for automated reactsygthesis. Since then, it has been successfully
applied tomany problems within this fielfB1,32,33]and poses one of the most popular
modelsarownd.

For sake of completeness, fih@mework introduced by RamadgadWonham[34] should
simply be named at this point and referred to as one more (but still famous) aveydome
the problem of supervisogynthesis.



2.3 The core of the problem

As experiene has shown, all of the modelsd algorithmsiamed abovéand thus all of
those mainly used for SupervisBynthesisfocus on coping with the uncontrollability of the
environment. Not only Pnuedind Rosner pointed this out[itO]:

"This is indeed the an claim of this paper. Namely, that the theorem proving approach
to the synthesis of a reactive module should be bas@dowing the validity of an
AE-formula[i.e. a formula with alternatingr-3-quantifiers]. As we will show below, the
precise form of the formula claiming the existence of a program satisfying the linear
time temporal formula [i.e. the given specification]s Vx3y A ¢ (x, y) whereA is the

'for all paths'quantifier of branching time logic.

but also [5} as a gameelated work- states:

"The existence (and extraction) of a strategy for finite games is deimg the
maxmin principle off...] [see 36] disguised sometimes as searching ADRtrees or
as the elimination adin alternating pair of the logical quantifieBsandVv."

This core problem behind discretgnthesis can easily be adapted to any respective model.
Speaking in terms of this thesis, the formula

VAV - @

specifies allthe states that canunderwhichever circumstances given by the environment
beforced by the systetn comply to some desired propegylt poses an abstract way of the
main task ofSupervisoiSynthesisand more or less obvioushriseswithin any algorithm
applied to computehe final system

It is not hard to see thaggpectingany possiblebehaviour of the environment and check for
the existence of ra appropriatereaction respectively, results in vast efforfrom this
perspective today's computing powerseemsnot sufficientto automate the synthesis of
modern realvorld systemsBYy far, reither he avoidance of determinizatif®i7,38] nor the
transfer of symbolic methods from Modghecking to SupervisoSynthesig5] could
improvethe technology

But the hope s not given up yet Innovative techniques arosawvithin the field of
Model Checking anchavebeensuccessfully applied to scenarios that could not be handled
by any approach until then. Namely, the great improvements of modernS8i&érs
enabled efficient promitional datastructures to compete with the so far untouchable BDDs
and thusushered a new era of researdlith the strong relationshipf ¢odel Checking and
SupervisoiSynthesisn mind, these new techniques seem very promisitigetatter.






3 SAT-Solvers

To establisha base of knowledge on SASolversthis section is introduced by a definition
of the so called 'SAJroblem (or SAT) ™

Given a propositional formulap over variablesV, the search for an appropriate
model(i.e.an assignment4” such thatA" (@) = T ) or rather for a proobf its non
existence is referred to as tBeoleanSatisfiabilityProblem(SAT).

Besides propositional logic, second order logic plays a major rdteimvorld of symbolic
reasoning. Second order logic is reached by introducing boolean quantifiers that can be
defined by the use of propositional logic in the following way:

- = [oly Viely

vv- @ = [pl; Alely

The respective extension of SAT to thoseamjified boolean formulagQBF) is
calledQBFSAT. When thinking about resulting algorithmic issug following fact should
be noted

Even though associated with high costs, first order logic can be reduced to propositional
logic and so can QBFSAT to SAT

SAT is one of the oldest and most fundamental lemls of computer science.
1971,StepherA. Cook proved it as the first problem at altto be NRComplete[39] andso

paved the way for severhlrther understandings regarding the complexity of fanaiher
problemsaround[40]. These and vast of other reductions which have been presented by now
account forthe essentiabnd thus generic natuod SAT. It is precisely this genericity that
allows most of the underlying theories to be transferred to fidlds and thusnakesthe

SAT problemvery interestingfor a wide range ofcomputationalapproaches Hence,
improvements o5AT-relatedalgorithmsusually are of benefit to different fields of research
and thus pose severe innovations not only withirttiberetical world of computer science.

It is easyto list a set of examples to show these explanations not to be pure theory, but to
provide a complete and dp-date reference to modern SAT solvidgthe same time, the
attention of the reader is invitéd Niklas Sérensson'BhDthesig[41].

The task of any SABolver is clear Searchthe appropriate (muHliimensional) boolean
space for an assignment that satisfies the given forr8irlae this search space is finite, the
most naive(and in the worstase necessarygpproach would be to enumerate all possible
assignment®ne after anotheuntil either a satisfying one is found, or the search space
exhaustedThe exponentiablow-up thereby arises from the size of the search space.

With respect to th size of relevant scenarios (i.millions of variables), this approach is
obviously impractichle and it becomes clear why Nffassified problems are said to be
"hard to solve". If there would be a known strategy to prune the search space anvgagh

! Here it is abstained from a formal definition of propositional logicbasic understanding about

this field is presumed, the syntax used throughout this thesis is stated at {hegtrst
11



the exponential blowap ould be avoided, the NP=P problem would hdeen solved. But
as this uncertainty is still around, the question is how any-SéiVer could bridge thgap
between theory and practice?

Obviously, he key to success is efficient sdarspace pruning. Therefore, modern
SAT-Solvers follow three basic principles:

1) They base their individual decisions (i.e. assigning a value to some variable) on
knowledge either derived by previous computations or inherent to the formula's
structurerather than following a (chronological) trdahderror strategy

2) They effectively learn from wrong decisions.

3) They efficiently propagateewknowledge.

There is no doubt about the high correlation between the indivicalizations of these
attemps and the underlying structure of the formuthat have to be processadfhichever
survey presents modern SA/ASblvers, thus classifies them into four categories:

1) Clausebased
2) Circuit-based
3) Hybrid

4) QBFSolvers

Sincethe main breaithroughhas ben achieved by claussmsed methods, this introduction
focuses on those. Thetémested reader is another timaferred to [41,43] for a complete
overview.

In the world oflogics, SAT and most of the related calcyé.g.resolutior) and algorithms
base on formulae represented as a set of clausgss form is also referred to as
Productof SumgPOS) and poses a so called "flat" structure. Using some form of the
Tseiln-transformatiorj42], every propositional formula can be transformed to a P@Sn
linear space and time, dbat ¢ is satisfiable if and only ify is satisfiable(¢ andy are
calledequisatisfiable)

As the last decade has showhjst structureprovides excellent opportunities for the
implementation of the objectives named ahovihe foundation stone was laid by
Daviset.al [44,45] when they introduced a procedure based on POS that did not discard any
knowledge in case of an unsuccessful {sdarch but improved further computation by
conflictdrivenlearning Their ideas werpicked up again and further improved around the
turn of millenium[46,47]. Theso achievedncrease of power was $igh, thatthe resulting
SAT-Solvers provided hitherto unknown possibilittesany field concerned with SAT. Until

now, these so called Big-PutnamLogemanLoveland(DPLL) based algorithms form the
basis of highly efficient solutions, which can handle formulae of millions of variables.
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(1) gat (PHI) {

(2) while( there are free variables) (

(3) decision = makeNewDecision()

(4) if (deduce(PHI,decision) = CONFLICT) {

(5) analyzeConflict()

(6) backtrack()

(7) if(conflict could not be resolved) {

(8) return UNSAT

(9) ]

(10) }

(11) }

(12) return SAT Listing 1:
Skeleton of a DPListyle

(13) J algorithm.

The basic flow of ®PLL-style algorithm is shown ihisting 1 and will be explained in the
following. To illustrate the described techniques, the text is accomphnide following
small example:

Giveng = {{a,!b,!c,e},{!b,f,'g}{lc,d,'g}{a'!f, g h}.{d hi}{le!h!i}}, a
satisfying assignmentA’ to V ={a,b,c,d,e,f,g,h,i} is sought. There is
AY(a)=1, AY(b) =T and AY(d) =L. For all the other variables € V, it is
AV (v) = o (undefined.

At this starting point no concrete assignmend any of the remaining variablesan be
deduced fromp. To still come to a decisioim such situationsSAT-Solvers use different
heuristics. DPLLstyle solves typically base their decisishon the basis of knowledge
currently derivedoy previous computationg o directthe example ito the right direction,
AV (c) = T appears from nowhere.

Propagation of single assignments is caBmbleanConstraintPropagation(BCP) and is
generally implemented according to a method natwediterals watching with lazy update
Here, each clause observes exactly two of its(freestill unassignéediiteralsL, andL, and

is only updated (i.eevaluated) when it comes to assignment to one of these literals. The
underlying idea is that the evaluation of a single clause only effects the further processing if
all but one of its literalevaluate toLl in respect of the so far computed assignrient
WheneverT is assigned to any of its literals, the entire clause evaluat@samd thus
becomes insignificant to the further seain¢mone of thes two cases apply, it is enoutfh

switch to another literal that is still freleigurel illustrates all of these scenarsoon the basis

of the example

2 asaclausély Vi, V..vI,) canbeseen g [y A1l A . ALy = L)
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Figure 1:

BCP according to thievo
literal watching with lazy
updatescheme

Figure 2:

The Implication Gaph of
a SAT-solver'srun to a
conflict
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After this propagation, again, it is up to the S/&blver to make the nedecision To clarify
the concept ofonflictdriven learning this decision isnade such that leadsto a conflict:

AV () =T.

This choice provokesn ambiguous assignment toas a result of the triggered BCP.
Figure2 introduces a view to the computations that is intrinsicdnflict-driven learning
and will also be of importance gectiond: Thelmplication Graph
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c2={'b, f, g}
c3={le,d,!g}
c4={a,!f, g,h}
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The ImplicationGraphkeeps track about each assignment as agelhe thereby triggered
BCPs. In case of a conflict, it can be used to make the so derived knowledge available to
further computations. All this is done by generaticonflict-clausesfrom arbitrary cuts of

the conflicting nodes:

cut conflict-clause
{e,h,1d}’ (lev!hvd)
{b,Ja,c,h,id} (bvav!icv!hvd)
{e,Jaf,lg,'d} (levav!fvgvd)

Figure 3:

Generating
conflict-clauses from an
Implication Graph

Obviously, such &utrepresents a partial assignment that will lead to the current conflict by
(automatic) BCP whenever it occurs during the sedrbhs, the appropriate conflictause
is intendedo prevent future decisions to lead to such situations as early asl@ossib

However, b make knowledge available instead of discagdinis just the half of the work

The otheiis to use it DPLL-based solvers thus abstain frehronologicalbacktrackingand
decisions that are not based any previously deriveknowledge Whenever a conflict
occurs, the causing decisiovariable, value) is not only corrected imespectof the
assigned value, but also the variable may be chosen completely from scratch. This is called
non-chronologicalbacktrackingand is foundedoy the recent updatof information the
decision wasased onlf any variable is found to cause a conflict by both of its possible
values,p is consequently proven to be unsatisfiable.
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