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Supervisor Synthesis using SAT-Solvers 

1 Introduction  

Nowadays, embedded systems found their way to almost any of modern society's nooks and 

crannies. Regarding this situation as well as the technical nature of those systems, three of 

their basic characteristics have an substantial influence on any field concerned with them: 

i) Embedded systems are wide-spread. 

ii ) Within individual areas of application, they are usually mass-produced. 

iii ) Within many fields, embedded systems are considered safety-critical . 

From these characteristics, high demands on safety, reliability and similar quality 

characteristics arise, which break down to functional quality requirements on single 

components under a more precise look: As a (dynamic) failure can only occur due to the 

presence of at least one (static) error, the only way to achieve failure-free system behaviour 

is an error-free development of the entire system. 

Error-free development of embedded systems - particularly software-intensive ones - in 

practice has turned out to confront affected organizations with a serious challenge [1]. 

Regarding systems' scale as well as their intrinsic complexity, stating a respective guarantee 

seems impossible and the expense of quality assurance makes up the major part of the 

all-over development costs by now [2]. 

Modern quality assurance mainly bases on different techniques of testing, as well as on 

processes aligned with quality-centric paradigms [2]. Yet, there are scenarios longing for 

complete statements regarding the correctness of the respective module and thus rise the 

need for techniques based on formal deduction [2,3]. 

Not only when forced by external standards, but whenever the units under consideration lend 

themselves to apply formal techniques within a feasible amount of effort, these techniques 

are to be privileged to deploy as quality assuring measures. 

Formal deduction on a system denotes the appliance of mathematical techniques on its 

formal model, thus making it possible to derive sound and complete statements concerning 

its compliance to some predefined specification. According to this definition, the success of 

applying formal deduction to a system depends strongly on its models available. In case of 

embedded systems, the structure known as State Transition System poses one of the most 

common models applied throughout major parts of the development process and - as it is of a 

pure formal nature - has proven as a well-suited basis for formal deduction. 

When talking about embedded systems in a formal way, they are usually classified as 

Reactive Systems whose role is not to produce an output on termination, but rather to 

maintain an ongoing interaction with their environment [26]. Modelling Reactive Systems is 

considered as a well-understood and mature domain, as it bases on automata theory and has 

been studied extensively within different fields of research over decades. There are several 
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languages, theorems and algorithms around which pose a solid base for adequate reasoning. 

In the following, the term 'system' is used as a synonym for 'Reactive System'. 

The evolution of research shows one technique as the most popular representative regarding 

formal deduction on Reactive Systems: "Model Checking".  

Given a specification  and some model , Model Checking denotes the process of checking 

whether  is a model of . In sense of Reactive Systems,  is usually stated as some kind of 

State Transition System which is meant to behave according to . As "behaviour" stands for 

some dynamic process over time,  is typically expressed using temporal logics in the form 

as it has been proposed by Pnueli [7] or any of its adaptations. 

It was the introduction of Symbolic Model Checking (SMC) [9,10,11,12] which pushed the 

capabilities of Model Checking for Reactive Systems by that far, it got feasible for industry. 

This is achieved by encoding the underlying system as well as its respective behavior by 

propositional formulae. Operating on the model is thus reduced efficiently to propositional 

reasoning. The efficiency of this approach depends strongly on the underlying data-structure. 

By the introduction of SMC, the structure of choice was a decision-based tree-structure 

known as Binary Decision Diagram (BDD) [13,14], which brought along some attractive 

characteristics as it is outlined later in this thesis. 

Immediately after its introduction, Symbolic Model Checking was applied to industrial 

scenarios with great success [15,16,17]. Nowadays, the technique is integrated within almost 

any development processes concerned with safety-critical systems. Furthermore, its 

capabilities keep extending by ongoing intensive research. 

Besides its limitations in terms of space and time, Model Checking holds in general a 

restriction with regard to practical appliance in industry: It does not contribute to the design 

of the evaluated system in a constructive way. The only feedback reaching beyond the 

automated decision of the system's correctness is the generation of counter-examples in cases 

of negative outcomes. 

This general drawback in mind, Model Checking has been generalized to not only 

investigate the question "Does system A meet specification B?" but to also provide answers 

to problems like "How can system A be modified to meet specification B?". This 

generalization has initially been posed around the early 60's by Church [4] in the context of 

digital circuits. By now, it has been transferred to models based on different state- and 

time-spaces leading to a diversity of synonyms and modifications. In the following, it is 

referred to by the term of Supervisor Synthesis. 

Supervisor Synthesis is known to be considerably harder to solve than 

Model Checking [18,19,20]. This gap of complexity is that wide, the transfer [5,6] of the 

above mentioned symbolic method did not suffice to help this approach breaking out of its 

carcer scolaris as it had for Model Checking. 

As on one side the possibilities provided by Supervisor Synthesis still remain highly 

desirable to industry and, on the other, Model Checking keeps on moving forward due to the 

ongoing introduction of promising technologies, the business of transferring knowledge 

between these two relatives is as interesting as never before. 
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Yet, recent approaches that aimed to close the gap between theory and practice pursue 

another strategy. They concentrate on formulating different restrictions to the initial problem 

in order to derive a trade-off between becoming applicable to real-world scenarios on one 

side, and remaining reasonable powerful on the other. While Solar-Lezama et al. [22] 

restrain the scope of the problem by developing parts of the system (skeleton) manually and 

thus have the synthesizer to only generate the design of the so predefined subproblems 

(holes), Piterman et al. [24] restrict the expressiveness of the specification-language to a 

fragment resulting in specifications that can be handled in polynomial time by already 

known algorithms. Both approaches have been applied to scenarios of reasonable size 

leading to promising results [23,25]. 

So far, there are no attempts around that evaluate the use of modern techniques deployed 

within the area of Model Checking in respect to their potential use to Supervisor Synthesis. 

This is the first time these potentials are examined at a reasonable level of detail. However, 

this new approach does not compete with the ones described above. In fact, it takes a 

complementary position and provides significant optimizations to them. 

This work not only transfers several cutting edge techniques from Symbolic Model Checking 

to Supervisor Synthesis but also investigates their individual benefits to the latter. Here, the 

main emphasis lies on the use of modern SAT-Solvers that recently evolved to one of the 

most innovative methods successfully used in Model Checking. The so achieved effects for 

Supervisor Synthesis are assessed by several experiments conducted within the Averest 

Framework [21]. 

The thesis is structured as follows: The next two chapters are intended to introduce the 

underlying models as well as related theory. Section 4 represents the main part of the work. 

There, several techniques are outlined and their transfer to Supervisor Synthesis is discussed. 

In Section 5 the experiments are presented. Conclusive words can be found in Section 6. 
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2 Supervisor Synthesis  

2.1 Assumption s and Notation  

For reasons of simplicity, this work focuses on Discrete Event Systems. These systems are 

based on a discrete state-space and react (i.e. change their current state) on the occurence of 

discrete events. In contrast to timed systems, the resulting behaviour is thereby determined by 

the order of the events only, abstracting from any lag of time. This understanding of systems 

results in the corresponding model to be chosen as a (finite) labelled transition system , 

with 

  

  

  

 

  

A (possible infinite) sequence of pairs  

  

s.t. 

 for  

and  for  

and  

is referred to as a computation of the system  and results in the corresponding 

behaviour .   

Consequently, the semantics of a system  can be described by the set of its possible 

behaviours  and - since each 

specification  can be seen as a set of behaviours too - the main target of reactive synthesis 

formulates to derive a system  such that . 

In terms of the symbolic world, a model is represented by 

  

  

  

s.t.   

  

 

s.t.   

Whereas each state  and each label  are mapped to assignments  and  for 

the corresponding sets of variables,  and , respectively. There is  if and 

only if  evaluates to  for . This applies analogously to  and .  is 

called the domain,  the co-domain. 
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In course of the current section, this bare model will get further extended to cope with 

several peculiarities inherent to the domain of reactive synthesis (i.e. synthesis of reactive 

systems). 

Furthermore, specifications are assumed to be stated in Linear Temporal Logic (LTL) [7] as 

those can be directly translated to -regular objectives [28] and thus are applicable to the 

chosen model. This decision is not only motivated by the common trend of research, but also 

by the fact that it plays a major role in most of other languages, including the industrial 

standard PSL [27]. 

The Mine-Pump-Example:  

This self-explanatory example is intended to illustrate the given model and its symbolic 

interpretation.  
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This explicit version of the system translates to the following symbolic representation:  

 

 and  illustrate the use of propositional logic to speak about sets. In the remainder of the 

thesis, boolean formulae are often used as a synonym for those sets whose characteristic 

functions are represented by the respective boolean functions. 

2.2 Basics 

As already outlined in Section 1, Supervisor Synthesis came up as a generalization of 

Model Checking. It is intended to automatically synthesize a system (or at least parts of it) 

according to some specification, rather than to only check for its accordance. Obviously, 

Supervisor Synthesis promises highly desirable opportunities to modern industry. Thus, 

researchers all over the world are frantically trying to get this method ready for practical 

appliance. First doubts about its general practicability early raised due to the lack of efficient 

algorithms and finally got confirmed by Pnueli and Rosner [19,20]. They proved that the 

problem's solution lies within 2EXPTIME-C by reducing the initial problem to a 

(constructive) non-emptiness check for Tree Automata: 

First, the given specification is translated to a Büchi automaton  using the 

tableau method [28]. This step causes the first exponential blow-up.  

To derive a corresponding tree automaton,  is further determinized to an equivalent 

Rabin automaton  according to the procedure of Safra [29]. After this second 

blow-up, the final emptiness check is applied to the resulting tree automaton in a 

constructive way, i.e. the resulting system is synthesized as this check is performed. 

Moreover, there are known scenarios that are proven to result at least in this runtime which 

makes this worst-case to not only the upper - but also to a lower bound in some cases. 

As it will be shown below, the fundamental causes of this high complexity are the 

uncontrollability as well as the unpredictability of the environment  the system interacts 
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with. Hence, the resulting computational problems only affect those systems, whose 

behaviour is influenced by their environment continuously. In contrast to 

environmental-insensitive (closed) systems those systems are referred to as open. As this 

work is motivated by systems that are strongly coupled to their environment, closed systems 

are neglected here. However, this does not mean any loss of generality. 

Before taking a closer look at the core of the problem, the model introduced in Section 2.1 is 

extended to this new aspect. Therefore, the set of event variables  is partitioned into two 

subsets: 

  

  

  

Events triggered by the environment are represented by , whereas internal and thus 

controllable events fall in . In terms of the Mine-Pump-Example, this would mean: 

 

This extension reveals the parallels of Supervisor Synthesis to Game theory: In a classical 

two-player game, the environment takes on the role of player A, whereas the actions of 

player B are chosen by the system itself. In the sense of games, Supervisor Synthesis 

formulates to: 

Is there a winning strategy for player B (the system)? 

If so, how does this strategy look like? 

In this connection, the initial specification of the system states the winning-condition of the 

respective game. 

This model has been used as early as 1969 by Büchi and Landweber [30] to provide one of 

the first algorithms for automated reactive synthesis. Since then, it has been successfully 

applied to many problems within this field [31,32,33] and poses one of the most popular 

models around. 

For sake of completeness, the framework introduced by Ramadge and Wonham [34] should 

simply be named at this point and referred to as one more (but still famous) way to overcome 

the problem of supervisory synthesis. 
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2.3 The core of the problem  

As experience has shown, all of the models and algorithms named above (and thus all of 

those mainly used for Supervisor Synthesis) focus on coping with the uncontrollability of the 

environment. Not only Pnueli and Rosner pointed this out in [19]: 

"This is indeed the main claim of this paper. Namely, that the theorem proving approach 

to the synthesis of a reactive module should be based on proving the validity of an 

AE-formula [ i.e. a formula with alternating - -quantifiers]. As we will show below, the 

precise form of the formula claiming the existence of a program satisfying the linear 

time temporal formula  [i.e. the given specification], is  where  is the 

'for all paths' quantifier of branching time logic." 

but also [5] - as a game related work - states: 

"The existence (and extraction) of a strategy for finite games is done using the 

max-min principle of [...]  [see 36], disguised sometimes as searching AND-OR trees or 

as the elimination of an alternating pair of the logical quantifiers  and ." 

This core problem behind discrete synthesis can easily be adapted to any respective model. 

Speaking in terms of this thesis, the formula 

  

specifies all the states that can - under whichever circumstances given by the environment - 

be forced by the system to comply to some desired property . It poses an abstract way of the 

main task of Supervisor Synthesis and more or less obviously arises within any algorithm 

applied to compute the final system. 

It is not hard to see that respecting any possible behaviour of the environment and check for 

the existence of an appropriate reaction respectively, results in vast effort. From this 

perspective, today's computing power seems not sufficient to automate the synthesis of 

modern real-world systems. By far, neither the avoidance of determinization [37,38] nor the 

transfer of symbolic methods from Model Checking to Supervisor Synthesis [5] could 

improve the technology. 

But the hope is not given up yet: Innovative techniques arose within the field of 

Model Checking and have been successfully applied to scenarios that could not be handled 

by any approach until then. Namely, the great improvements of modern SAT-Solvers 

enabled efficient propositional data-structures to compete with the so far untouchable BDDs 

and thus ushered a new era of research. With the strong relationship of Model Checking and 

Supervisor Synthesis in mind, these new techniques seem very promising to the latter. 
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3 SAT-Solvers 

To establish a base of knowledge on SAT-Solvers this section is introduced by a definition 

of the so called 'SAT-problem' (or SAT) 
1
: 

Given a propositional formula  over variables , the search for an appropriate 

model (i.e. an assignment  such that  ) or rather for a proof of its non-

existence is referred to as the Boolean Satisfiability Problem (SAT). 

Besides propositional logic, second order logic plays a major role in the world of symbolic 

reasoning. Second order logic is reached by introducing boolean quantifiers that can be 

defined by the use of propositional logic in the following way: 

 

 

The respective extension of SAT to those quantified boolean formulae (QBF) is 

called QBFSAT. When thinking about resulting algorithmic issues, the following fact should 

be noted: 

Even though associated with high costs, first order logic can be reduced to propositional 

logic and so can QBFSAT to SAT. 

SAT is one of the oldest and most fundamental problems of computer science. 

1971, Stephen A. Cook proved it - as the first problem at all - to be NP-Complete [39] and so 

paved the way for several further understandings regarding the complexity of famous other 

problems around [40]. These and vast of other reductions which have been presented by now 

account for the essential and thus generic nature of SAT. It is precisely this genericity that 

allows most of the underlying theories to be transferred to other fields and thus makes the 

SAT problem very interesting for a wide range of computational approaches. Hence, 

improvements of SAT-related algorithms usually are of benefit to different fields of research 

and thus pose severe innovations not only within the theoretical world of computer science.  

It is easy to list a set of examples to show these explanations not to be pure theory, but to 

provide a complete and up-to-date reference to modern SAT solving at the same time, the 

attention of the reader is invited to Niklas Sörensson's PhD thesis [41]. 

The task of any SAT-Solver is clear: Search the appropriate (multi-dimensional) boolean 

space for an assignment that satisfies the given formula. Since this search space is finite, the 

most naive (and in the worst-case necessary!) approach would be to enumerate all possible 

assignments one after another until either a satisfying one is found, or the search space is 

exhausted. The exponential blow-up thereby arises from the size of the search space.  

With respect to the size of relevant scenarios (i.e. millions of variables), this approach is 

obviously impracticable and it becomes clear why NP-classified problems are said to be 

"hard to solve". If there would be a known strategy to prune the search space in such a way, 

                                                      
1
 Here, it is abstained from a formal definition of propositional logic. A basic understanding about 

this field is presumed, the syntax used throughout this thesis is stated at the first page. 
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the exponential blow-up could be avoided, the NP=P problem would have been solved. But 

as this uncertainty is still around, the question is how any SAT-Solver could bridge the gap 

between theory and practice? 

Obviously, the key to success is efficient search space pruning. Therefore, modern 

SAT-Solvers follow three basic principles: 

1) They base their individual decisions (i.e. assigning a value to some variable) on 

knowledge either derived by previous computations or inherent to the formula's 

structure rather than following a (chronological) trial-and-error strategy 

2) They effectively learn from wrong decisions. 

3) They efficiently propagate new knowledge. 

There is no doubt about the high correlation between the individual realizations of these 

attempts and the underlying structure of the formulae that have to be processed. Whichever 

survey presents modern SAT-Solvers, thus classifies them into four categories: 

1) Clause-based 

2) Circuit-based 

3) Hybrid 

4) QBF-Solvers 

Since the main break-through has been achieved by clause-based methods, this introduction 

focuses on those. The interested reader is another time referred to [41,43] for a complete 

overview. 

In the world of logics, SAT and most of the related calculi (e.g. resolution) and algorithms 

base on formulae represented as a set of clauses. This form is also referred to as 

Product of Sums (POS) and poses a so called "flat" structure. Using some form of the 

Tseitin-transformation [42], every propositional formula  can be transformed to a POS  in 

linear space and time, so that  is satisfiable if and only if  is satisfiable (  and  are 

called equi-satisfiable). 

As the last decade has shown, this structure provides excellent opportunities for the 

implementation of the objectives named above. The foundation stone was laid by 

Davis et. al [44,45] when they introduced a procedure based on POS that did not discard any 

knowledge in case of an unsuccessful (sub-)search but improved further computation by 

conflict-driven learning. Their ideas were picked up again and further improved around the 

turn of millenium [46,47]. The so achieved increase of power was so high, that the resulting 

SAT-Solvers provided hitherto unknown possibilities to any field concerned with SAT. Until 

now, these so called Davis-Putnam-Logeman-Loveland (DPLL) based algorithms form the 

basis of highly efficient solutions, which can handle formulae of millions of variables. 
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The basic flow of a DPLL-style algorithm is shown in Listing 1 and will be explained in the 

following. To illustrate the described techniques, the text is accompanied by the following 

small example: 

Given , a 

satisfying assignment  to  is sought. There is 

 = ,  and . For all the other variables , it is 

 ('undefined'). 

At this starting point, no concrete assignment to any of the remaining variables can be 

deduced from . To still come to a decision in such situations, SAT-Solvers use different 

heuristics. DPLL-style solvers typically base their decisions on the basis of knowledge 

currently derived by previous computations. To direct the example into the right direction, 

 appears from nowhere. 

Propagation of single assignments is called Boolean Constraint Propagation (BCP) and is 

generally implemented according to a method named two literals watching with lazy update. 

Here, each clause observes exactly two of its free (i.e. still unassigned literals  and  and 

is only updated (i.e. evaluated) when it comes to an assignment to one of these literals. The 

underlying idea is that the evaluation of a single clause only effects the further processing if 

all but one of its literals evaluate to  in respect of the so far computed assignment 
2
. 

Whenever  is assigned to any of its literals, the entire clause evaluates to  and thus 

becomes insignificant to the further search. If none of these two cases apply, it is enough to 

switch to another literal that is still free. Figure 1 illustrates all of these scenarios on the basis 

of the example: 

                                                      
2
 as a clause  can be seen as  

 

 

 

 

 

 

 

Listing 1:  
Skeleton of a DPLL-style 

algorithm. 
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After this propagation, again, it is up to the SAT-Solver to make the next decision. To clarify 

the concept of conflict-driven learning, this decision is made such that it leads to a conflict: 

. 

This choice provokes an ambiguous assignment to  as a result of the triggered BCP. 

Figure 2 introduces a view to the computations that is intrinsic to conflict-driven learning 

and will also be of importance in section 4: The Implication Graph. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: 

BCP according to the two 
literal watching with lazy 

update scheme 

 

 

 

 

 

 

 

Figure 2:  
The Implication Graph of 
a SAT-solver's run to a 

conflict 
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The Implication Graph keeps track about each assignment as well as the thereby triggered 

BCPs. In case of a conflict, it can be used to make the so derived knowledge available to 

further computations. All this is done by generating conflict-clauses from arbitrary cuts of 

the conflicting nodes: 

 

    

 cut conflict-clause  

{e,h,!d}
* 

  

{b,!a,c,h,!d}   

{e,!a,f,!g,!d}   

... ... 

    

Obviously, such a cut represents a partial assignment that will lead to the current conflict by 

(automatic) BCP whenever it occurs during the search. Thus, the appropriate conflict-clause 

is intended to prevent future decisions to lead to such situations as early as possible. 

However, to make knowledge available instead of discarding it is just the half of the work. 

The other is to use it. DPLL-based solvers thus abstain from chronological backtracking and 

decisions that are not based on any previously derived knowledge. Whenever a conflict 

occurrs, the causing decision  is not only corrected in respect of the 

assigned value, but also the variable may be chosen completely from scratch. This is called 

non-chronological backtracking and is founded by the recent update of information the 

decision was based on. If any variable is found to cause a conflict by both of its possible 

values,  is consequently proven to be unsatisfiable. 

 

 

 

 

 

Figure 3: 
Generating 

conflict-clauses from an 
Implication Graph 


